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S. B. LittaveR, Massachusetts Institute of 
Technology 

W. R. LoncLeEy, Yale University 

R. G, LuBBEN, University of Texas 

C. I. Lusrn, Harvard University 


W. T. McCreapie, Bucknell University 

L. C. MatHewson, Dartmouth College 

FLORENCE M. Mears, Penn. State College 

A. E. MEpDER, Jr., Rutgers University 

J. E. MERRILL, Princeton University 

E. J. Mices, Yale University 

NorMAN MILLER, Queen’s University 

H.H. MitcHE University of Pennsylvania 

E. B. MopE, Boston University 

E. C. Moxina, Amer. Tel. and Tel. Company, 
New York, N. Y. 

C. N. Moore, University of Cincinnati 

R. L. Moore, University of Texas 

M. M. S. Moriarty, Holyoke, (Mass.) High 
School 

FRANK Mor ey, Johns Hopkins University 

C. C. Morris, Ohio State University 

RICHARD Morris, Rutgers University 

D. S. Morse, Union College 

Marston Morse, Harvard University 

A. B. Morton, Georgia School of Technology 

F. D. MurNAGHAN, Johns Hopkins University 

F. H. Murray, American Tel. and Tel. Com- 
pany, New York, N. Y. 


J. Nassau, Case School of Applied Science 
NELSON, Rutgers University 


A. 

L. Otson, Michigan State College 
F. Oscoop, Harvard University 
W. Owens, Penn. State College 
HELEN B. Owens, State College, Pa. 


H. 

F, 

L. J. Parapiso, Cornell University 

B. C. Patrerson, Hamilton College 

N. A. Pattitto, Randolph-Macon Woman's 
College 

E. K. Paxton, Washington and Lee Uni- 
versity 

W. O. PENNELL, South Western Bell Tele- 
phone Company, St. Louis, Mo. 

F, W. Perkins, Dartmouth College 

T. S. PETERSON, Ohio State University 

H. W. Puituips, Massachusetts Institute of 
Technology 

Poritsky, Harvard University 

R. G. Putnam, New York University 


G. Y. RarnicH, University of Michigan 

Susan M. Rambo, Smith College 

H. W. Reppick, Cooper Union 

W. D. REEVE, Teachers College, Columbia, 
University 

R. G. D. RicHarpson, Brown University 

P. R. Riper, Washington University 

W. C. RIssELMAN, Uniontown Branch, Uni- 
versity of Pittsburgh 

J. F. Ritt, Columbia University 

G. M. Rosison, Duke University 

E. D. Rog, JRr., Syracuse University 

W. H. RoeEver, Washington University 

IRWIN RomMAN, Geophysical Research Corpora- 
tion, New York, N. Y. 

C. F. Roos, Cornell University 

J. E. Rowe, Clarkson Institute of Technology 

C. A. Rupp, Penn State College 


VERA SANFORD, Lincoln School, Teachers 
College 

GEorGE Sauté, Harvard University 

HazeE_ E. SCHOONMAKER, New Jersey College 
for Women 

CAROLYN E. SEELY, New York, N. Y. 

JosEpH SEIDLIN, Alfred University 

H. C. SHAaus, Washington and Jefferson Col- 
lege 

R. S. SHaw, Middletown, Conn. 

W. A. SHEWHART, Bell Telephone Laboratories 

L. L. SILVERMAN, Dartmouth College 

Lao G. Simons, Hunter College 

H. E. Staucut, University of Chicago 

H. L. Stosin, University of New Hampshire 

L. L. Lehigh University 

Crara E. Smitu, Wellesley College 

F. E. Smitu, Brooklyn, New York 

J. P. Smitu, St. Peters College 

P. F. Smitu, Yale University 

W. M. Smita, Lafayette College 

ELIzABETH T. STAFFORD, University of Wis- 
consin 

Marion E. Stark, Wellesley College 

J. M. Stetson, College of William and Mary 

ELLEN C. Stokes, New York State College 
for Teachers 


J. D. Tamark1n, Brown University 

Evan Tuomas, University of Vermont 

J. E. THompson, Pratt Institute 

RutH THompson, New Jersey College for 
Women 

Birp M. Turner, West Virginia University 
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H. W. Ty ter, Massachusetts Institute of 
Technology 

H. S. VANDIVER, University of Texas 

E. B. VAN VLECK, University-.of Wisconsin 

R. W. VeEatcu, Ursinus College 

C. H. VEnsE, Brown University 


HELEN M. WALKER, Teachers College, Colum- 
bia University 

C. M. Watsu, Bellport, N. Y. 

J. L. Watsu, Harvard University 


Wittis WaHITED, Penn. State Highway 
Department 

C. E. Wiper, Dartmouth College 

F. B. Wittrams, Clark University 

A. H. Witson, Haverford College 

C. R. Witson, Rutgers University 

E. B. Witson, Harvard School of Public Health 

ELIzABETH W. Wison, Cambridge, Mass. 

W. A. Wison, Yale University 


J. W. Younc, Dartmouth College 
MarGaretT M. Younc, Hunter College 


F. M. Weipa, Lehigh University 

E. D. Wetts, Erie Center, University of | Oscar ZARisk1, Johns Hopkins University 
Pittsburgh 

Mary EVELYN WELLs, Vassar College 

ANNA PELL WHEELER, Princeton, N. J. 


New JERSEY COLLEGE FOR WoMEN. HELEN 
HAERTER, Official Delegate 


The sessions of the American Association for the Advancement of Science 
began on Thursday evening with an address by Doctor C. P. Berkey of Col- 
umbia University on “Recent discoveries in the ancient history of Mongolia” 
and with a general reception given by the Trustees of the American Museum 
of Natural History to the members of the American Association and the as- 
sociated societies. Other features of general interest were the annual Sigma 
Xi address on “What is light?”” by Professor A. H. Compton of the University 
of Chicago on Friday evening, the retiring presidential address by Professor 
A. A. Noyes of the California Institute of Technology on “The story of the 
elements” on Monday evening, and an address by Professor Harlow Shapley 
of Harvard University on “The galaxy of galaxies” on Tuesday evening. On 
Friday afternoon, the sixth Josiah Willard Gibbs lecture was to have been 
given by Professor G. H. Hardy of the University of Oxford, but because of 
his inability to be present on account of illness, the substance of his address 
on “An introduction to the theory of numbers” was given very acceptably by 
Professor H. W. Brinkmann of Harvard University. On Sunday afternoon, 
a complimentary concert with a full orchestral program was given at Car- 
negie Hall by the Philharmonic Symphony Society under the direction of 
Dr. Willem Mengelberg. During the intermission, president Henry Fairfield 
Osborn of the American Association thanked Dr. Mengelberg and the Orchestra 
for the great pleasure which had been afforded to the several thousand scien- 
tists then present. 

The scientific exhibition, housed in University Hall, was more extensive 
than at any previous meeting of the American Association. Of special in- 


terest to mathematicians was an exhibition in Avery Library of early mathe- 
matical books, manuscripts and letters from the collections of Doctor George 
A. Plimpton and Professor David Eugene Smith. 

Professor E. T. Bell, California Institute of Technology, was chosen vice- 
president of section A of the American Association. Professor C. N. Moore, 
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University of Cincinnati, was re-elected secretary of the section, and Pro- 
fessor Soloman Lefschetz, Princeton University, was elected a member of 
the section committee. 

The mathematicians stayed at the Hotel Lincoln or at convenient room- 
ing houses in the neighborhood of Columbia University. Two hundred ten 
attended the joint dinner of the mathematicians on Friday evening. Professor 
Dunham Jackson acted as toastmaster and called upon various members 
of the two organizations. Professor M. H. Stone of Harvard University spoke 
on the question “What is of real value in mathematics?” He said that mathe- 
matics is an art and as such must have a basis of sincerity and must express 
the life of the times. He criticized the formalism of treatment of the present- 
day mathematical physics, saying that we should rather depend on the aid 
given to the subject by considerations from the side of physics and physical 
intuition. Professor E. R. Hedrick, as the newly elected president of the So- 
ciety, recounted possible lines of activity for the Society, including further 
provision for the publication of an increasingly extensive amount of good re- 
search material in pure mathematics, also in mathematical physics, and in the 
border land between mathematics and engineering, and between mathematics 
and statistics, all of which projects have at the present been laid aside regret- 
fully because of lack of money. Other projects were mentioned, such as an 
English edition of the Encyklopidie, the establishment of an abstract jour- 
nal, and the provision of adequate offices for the mathematical organizations. 
Professor Slaught spoke, in the spirit of a broadcasting station “MAA, The 
Voice of Service”, of the necessity not merely of research and its publication, 
but also that of exposition. He pointed out that the Association has thus 
aided in the subvention of the Annals, in the publication of the Carus Mono- 
graphs and in the stimulation afforded by the Chauvenet prize. It is still 
hoped that a mathematical dictionary may be published in this country, 
this being possible as soon as the estimated fund of $100,000.00 can be obtained 
from some source. We hope, too, that there is within our grasp the possibility 
of reviving the Bibliotheca Mathematica; indeed, the addition of two hundred 
or two hundred and fifty more subscriptions to the present list already promised 
by mathematicians of this and other countries will make this new enterprise 
possible. Miss Elizabeth Wilson stated that opportunities are increasing for 
women in positions in applied mathematics, certified public accountant work, 
government accounting, and actuarial work; and that their acceptability de- 
pends upon their tact, the wideness of their outlook, and their genius for 
attending to the minutiae of these lines of special work. Professor W. L. G. 
Williams emphasized the fact that the American mathematical fraternity 
includes the Canadians as a loyal part of its numbers, and called attention to 
the many lines of contact and interest between those in Canada and the 
United States. 

The manifold arrangements made for the convenience of mathematicians 
and the provision for their general pleasure and comfort were recognized in 
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a resolution presented at the final session by Professor C. N. Moore and adopted 
unanimously in the form of thanks extended to the authorities of Columbia 
University and to the department of mathematics under the chairmanship of 
Professor Fite, as well as to the program committee. 

The American Mathematical Society held its thirty-fifth annual meeting 
on Thursday morning and afternoon, Friday morning, and Saturday morning. 
At the session on Friday morning, Professor E. B. Van Vleck presided, Pro- 
fessor W. F. Osgood of Harvard University gave an address on “Maxime 
Bécher”, the Bécher Memorial Prize was awarded to Professor J. W. Alexander 
of Princeton University, and Professor James Pierpont of Yale University 
read a paper on “The motion of a rigid body, in a space of constant curvature.” 
At the annual business meeting which followed, Professor E. R. Hedrick 
was elected president of the Society for a two-year term. 

The program of the Mathematical Association consisted of a joint session 
with the Society and Section A on Friday afternoon and two sessions on Sat- 
urday. The program was prepared by a committee consisting of Professors 
Henry Blumberg, Clara E. Smith, W. M. Smith, and Richard Morris, Chair- 
man. Professor Archibald presided at the joint session and Vice-President 
Murnaghan at the two sessions of the Association. 


JoInT SESSION OF THE ASSOCIATION WITH THE SOCIETY AND 
SECTION A OF THE AMERICAN ASSOCIATION 


1. “The relation of statistics to modern mathematical research” by Pro- 
fessor Dunham Jackson, University of Minnesota, Retiring vice-president of 
Section A of the American Association. 

2. “The heroic age of geometry” by Professor J. L. Coolidge, Harvard 
University, representing the Mathematical Society and the Mathematical As- 
sociation. 

Professor Jackson’s paper appeared in Science for Jan. 18, and the address 
by Professor Coolidge, which was issued at the meeting as a pre-print, appears 
in the Bulletin of the American Mathematical Society for January-February, 
1929. 


First SESSION OF THE ASSOCIATION 


1. “A simple principle of unification in the elementary theory of numbers” 
by Professor R. D. Carmichael, University of Illinois. 

2. “Geometry of functions of two complex variables” by Professor Ed- 
ward Kasner, Columbia University. 

3. Report on the Bologna Congress by Professor H. W. Tyler, Mass- 
achusetts Institute of Technology, and others. 

1. The paper by Professor Carmichael is printed in this issue of the Monthly. 

2. An analytic function of one complex variable defines a conformal 
transformation. Professor Kasner discusses the analogue of this for functions 
of two complex variables, z=x+iy, w=x’+iy’. The transformations con- 
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sidered are Z=¢(z,w), W=y(z’,w’), where ¢ and y are analytic. If we regard 
x, y, x’,y’ as cartesian coordinates in a space of four dimensions, the point 
transformations obtained are not conformal (except in a very special case). 
Various geometric characterizations are discussed. The simplest characteris- 
tic invariant, called the pseudo-angle, is connected with the intersection of a 
line with a three-flat. It is obtained by rotating the line in such a way that 
the projections on the z-plane rotate through equal angles, until it reaches 
the three-flat. 

A simpler geometry is however obtained by interpreting z, w defined as an 
ordered point-pair or bipoint in the plane. The functions ¢, y then define a 
certain group of bipoint transformations in the plane. These bipoint trans- 
formations are characterized as follows. If any three neighboring bipoints are 
so situated that the infinitesimal triangles formed by their initial and terminal 
points are similar, the same is true of the transformed bipoints. It turns out 
that then the new triangles are necessarily similar to the original triangles. 

Extensions to » variables and to conjugate variables are easily made. The 
results are applied to Poincaré’s generalization of the Dirichlet problem. The 
linear fractional transformations which appear in Picard’s theory of hyper- 
fuchsian functions admit of simple interpretation. See Professor Kasner’s 
papers in Bull. Amer. Math. Society, vol. 15 (1908), pp. 67 and 159. 

3. Professor Tyler spoke at length concerning the various sections of the 
Bologna Congress, mentioning particularly the numerous important papers 
by American mathematicians and by the foremost of the European mathema- 
ticians. A letter from Professor Virgil Snyder added interesting descriptions 
of his personal experiences as the chairman of one of the sections and as a 
participant in the various official and scientific gatherings. Professor J. W. 
Young spoke of the enjoyability of the general sessions as opposed to those 
for the reading of papers, and he also spoke of the great pleasure and profit in 
meeting many mathematicians from other parts of the world. Professor O. 
D. Kellogg spoke briefly, mentioning the reasonable costs for hotels and ex- 
cursions, as arranged for members of the Congress and referred to the possibility 
of a congress in New York in the not too distant future. 


SECOND SESSION OF THE ASSOCIATION 


1. “The life insurance actuary and his mathematics” by Mr. Raymond 
V. Carpenter, Actuary, Metropolitan Life Insurance Company, by invitation. 

2. “The development of mathematics in Sweden” by Professor Einar 
Hille, Princeton University. 

3. “Selected topics in calculus for high schools” by Mr. J. A. Swenson, 
Wadleigh High School, New York, N. Y., by invitation. 

1. Mr Carpenter described the personnel of a life insurance company and 
the range of duties of an actuary, his two main duties being the calculations 
of the premiums charged according to the plan of insurance and age, and the 
calculation of the reserves that must be held by the company to provide, 
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with the aid of future premiums and interest earnings, for future obligations, 
the reserves to be covered by interest-earning assets. He described the basis 
of calculation of premiums and reserves, the efforts to discover a “law of 
mortality”, and the elementary principles of actuarial science together with 
the more extended use of these principles which comes into actuarial practice. 
He described further the provisions for disability benefits of various sorts, the 
various actuarial societies, and the general plan of actuarial examinations. 
Finally, he told of the practical work of the actuary and indicated the pre- 
paration which a successful actuary must have. His paper was of special value 
since numerous members of the Mathematical Association are actively or 
prospectively interested in actuarial lines, and in a description of the nature 
of mathematical theory involved in the duties of an actuary, and the methods 
used in this particular line of activity. 

2. Professor Hille described the status of mathematics in the universities 
of Sweden and its development in the years from about 1700 up to the time of 
Mittag-Leffler (1846-1927), Bendixson, Phragmén, Fredholm, (1866-1927), 
von Koch, Mellin, E. Lindeléf with the interaction between their research 
and that of certain French mathematicians. He described rather fully the 
career of Fredholm, one of Mittag-Leffler’s most prominent pupils, contrasting 
him with Mittag-Leffler himself. He told also of the revival of mathematics 
at the state universities which began at Lund with Winan and Oseen, as 
evidenced by the latter’s recent book on hydrodynamics. 

3. The paper by Mr. Swenson dealt with the recommendation of the Na- 
tional Committee (a committee sponsored by this association) that calculus 
be offered as a twelfth year elective in the high school, and emphasized the 
desirability of the general methods furnished by the calculus as opposed to 
the great variety of special methods now in use in advanced algebra and solid 
geometry. It also suggested that the National Committee furnish an outlet 
for its recommendation by making certain recommendations to the College 
Entrance Board. 


MEETINGS OF THE BOARD OF TRUSTEES 
Nine members of the Board of Trustees were present at the sessions. 
The following twenty persons and one institution were elected to member- 
ship on applications duly certified: 
To Individual Membership 
SistER M. Benepicta, B.S. (Canisius). Lypra K. Fremp, A.M. (Kentucky). Dean, 


Teacher, Villa Maria Coll., Erie, Pa. Lees Coll., Jackson, Ky. 
EveLyn T. Carrout, A.M. (Wells). Asst. A.M. Asst. 
Prof., Wells Coll.. Aurora. N. Y. ath. and Eng., Denison Univ., Gran- 


ville, Ohio. 
D. H. Leumer, A.B. (California). Grad. 
Asst., Brown University, Providence, R. I. 
J. B. Linxer, Ph.D. (Johns Hopkins). Asso. 


C. N. Carre, B.S. (Alfred). Junior Mathema- 
tician, U. S. Coast and Geodetic Survey, 
Washington, D. C. 


L. T. Dunvap, B.S. (Marquette). Instr., Penn. Prof., Univ. of North Carolina, Chapel 
State Coll., State College, Pa. Hal, N.C. 
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EMANUEL Lyons, JR., B.S. in C.E. (Catholic 
Univ. of America). Designing Engineer, 
Wright, Haw & Company, Ltd., Panama, 
R; 

L.H. Maynarp, B.S. (New Hampshire). Instr., 
Univ. of New Hampshire, Durham, N. H. 

D. L. McDonoucu, A.M. (Pennsylvania). 
Instr., Overbrook High School, and Drexel 
Inst. Evening Engg. Schools, Upper 
Darby, Pa. 

W. M. Mitter, Ph.D. (Illinois). Asst. Prof., 
Bowdoin Coll., Brunswick, Me. 

R. S. Park, M.S. (Kentucky). Prof., Eastern 
Teachers Coll., Richmond, Ky. 

Z. M. Prrenian, B.S. in Ch.E. (Florida). 
Instr., Alabama Polytechnic Inst., Auburn, 
Ala. 


D. W. Pucstey, M.S. (Michigan). Asso. Prof. 
Berea Coll., Berea, Ky. 

S. A. ScHELKUNOoFF, Ph.D. (Columbia). Asst. 
Prof., State Coll. of Washington, Pullman, 
Wash. 

C. W. SELHEIMER, JR., M.S. (Michigan). 
Instr., Chemical Eng., University of 
Michigan, Ann Arbor, Mich. 

R. N. Van ArnaM, E.E., M.S. (Cornell). Asst., 
Math. and Astr., Lehigh University, 
Bethlehem, Pa. 

R. O. Virts, A.M. (Indiana). Teacher, Central 
High School and Indiana University 
Extension, Ft. Wayne, Ind. 

J. R. Witton, M.A. (Trinity Coll., Cambridge) 
Elder Prof., University of Adelaide, 
Adelaide, S. Australia. 


To Institutional Membership 
CENTENARY COLLEGE OF LOUISIANA, Shreveport, La. 


The following were appointed associate editors of the Monthly for the year 
1929: 


H. E. BUCHANAN H. S. EVERETT J. R. MUSSELMAN 
ELIZABETH CARLSON B. F. FINKEL H. L. OLSON 
OTTO DUNKEL R. A. JOHNSON D. E. SMITH 

H. J. ETTLINGER H. W. KUHN 


The financial statement for the year 1928 was presented by the Secretary- 
Treasurer. It was accepted and approved by the Trustees, subject to an inspec- 
tion by a committee consisting of Professors Archibald, Coolidge, and Slaught; 
this inspection was made and the report approved on Saturday morning. 

For the committee on the proposed Bibliotheca Mathematica, Professor 
Slaught reported that the committee had circularized mathematicians at 
home and abroad quite extensively, both by direct mail and through enclo- 
sures in several foreign journals. There have resulted to date about 250 sub- 
scriptions,' and it is hoped that a further list of 200 or 250 additional subscrip- 
tions will make the re-issuing of this important journal possible. Various 
tentative plans were reported with reference to the editorial conduct of the 
journal; these are subject to futher development and to formal approval by the 
Trustees in the event that the journal is actually to be continued. 

The Trustees voted to accept the invitations of Brown University and 
the University of Minnesota for the summer meetings of 1930 and 1931 re- 
spectively. No action was taken to the settlement of further dates for meet- 
ings of the Association. 

The Trustees voted to nominate Professor R. D. Carmichael as the repre- 
sentative of the Mathematical Association on the National Research Council 
for the three-year term beginning July 1, 1929, in succession to Professor 
Dunham Jackson. 


' At the time of going to press, the number is 395, 
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Plans have been under consideration for some time to effect an affilia- 
tion of the National Council of Teachers of Mathematics with the Mathe- 
matical Association of America. A tentative agreement has been made by the 
officers of the National Council with the Trustees of the Association, and the 
Trustees have approved the conditions as formulated. The articles of agree- 
ment now go to the officers of the National Council for their formal approval. 

For the Committee on Carus Monographs, Professor Slaught reported 
that a Monograph is nearly ready for printing and will be published as soon 
as the necessary arrangements can be brought about. The Board authorized 
the committee to invite Professors A. J. Kempner and J. W. Young to member- 
ship on the committee. 

The incoming president was authorized to appoint a committee to consider 
the desirability of bringing about a study of a proposed one-year course in 
plane and solid geometry as an alternative to the present high school course 
in plane geometry, also to appoint a committee on the Chauvenet Prize with 
a view to announcing the winner at the next annual meeting, covering the four- 
year period 1925-28. 

The vacancy resulting from the election of Professor Bell as vice-presi- 
dent was filled by the Trustees through the appointment of E. R. Smith of 
Iowa State College. 


ANNUAL BusINESS MEETING OF THE ASSOCIATION 


Professor Cairns reported the death of the following members: 
W. H. Brxsy, Brigadier General, U. S. Army, Retired, Washington, D.C. 
(September 29, 1928). 
F. J. Dick, Professor of mathematics, Raja-Yoga College, (May 25, 1927). 
L. W. Dow Linc, Associate professor of mathematics, University of Wis- 
consin, (September 16, 1928). 
H. B. Fine, Professor of mathematics, Princeton University, (December 
22, 1928). 
PHILIP Fitcu, Assistant principal, North Side High Sshool, Denver, Colo- 
rado, (July 23, 1928). 
D. M. Garrison, Head of department of mathematics, St. John’s College, 
(December 30, 1927). 
T. A. MarTIN, Head of department of mathematics, Berea College, Berea, 
Kentucky, (September 11, 1928). 
ALEXANDER ZIWET, Professor emeritus of mathematics, University of Mich- 
igan, (November 18, 1928). 
The election of officers for the year 1929 was conducted by mail and in 
person at this meeting; the tellers reported the result of the balloting as follows: 
For President: A. J. Kempner, 266 votes; J. W. Young, 300 votes. 
For Vice-Presidents: Clara L. Bacon, 229 votes; E. T. Bell, 380 votes; 
W. C. Graustein, 256 votes; F. D. Murnaghan, 246 votes. 
For additional members of the Board of Trustees, to serve until January, 
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1932: A. A. Bennett, 261 votes; W. C. Brenke, 235 votes; Florian Cajori, 395 
votes; J. L. Coolidge, 325 votes; W. B. Ford, 344 votes; C. C. MacDuffee, 


154 votes; E. R. Smith, 153 votes; Oswald Veblen, 364 votes. 
The following were accordingly declared elected: 
President: J. W. YounG, Dartmouth College. 
Vice-Presidents: E. T. BELL, California Institute of Technology; W. C. 


GRAUSTEIN, Harvard University. 


Additional members of the Board of Trustees: FLORIAN Cayjori, Univer- 
sity of California; J. L. CootipGe, Harvard University, W. B. Forp, Un- 
iversity of Michigan; OswALpD VEBLEN, Princeton University. 


REPORT OF THE SECRETARY-TREASURER AS TREASURER, Dec. 17, 1928 


RECEIPTS EXPENDITURES 
Balance Dec. 12, 1927........... $ 9,040.16 Publisher’s bills (Nov. '27-Oct. 
1926 indiv. dues....... $ 45.00 $ 4,682.58 
1927 indiv. dues....... 419.70 Manager's office... 78.63 
1927 instit. dues....... 19.00 Editor-in-Chief’s office........... 600.08 
1928 instit. dues....... 822.40 Committee on Membership....... 121.17 
1928 subscriptions..... 891.67 Joint Com. on Membership....... 19.62 
Initiation fees......... 236.00 Secretary-Treasurer’s office: 
Advertising........... 666.50 $309 .80 
Sale copies of MONTHLY 136.61 . §.00 
Sale Register.......... 1.50 Ins. back issues of 
Sale reprints....... ie 1.75 MONTHLY...... 6.40 
Sale First Carus Mon... 47.50 Safety deposit...... 4.00 
Sale Second Carus Mon. 51.25 Office supplies...... 61.50 
Sale Third Carus Mon.. 68.75 Express, tell., etc.... 47.00 
Advance sale Fourth Clerical work....... 749 .00 
Carus Mon....... 2.50 
Advance sale’ Fifth Library expense..... 111.50 
Carus Mon....... Pd. copies MONTHLY. 96.02 
Recd. for subscriber’s Nashville meeting... 81.25 
Monograph....... 2.00 Amherst meeting.... 75.00 
For Annals subscription 1.50 Refd. subscriptions.. 18.00 
For copy Sir Isaac Refund dues....... 11.00 
DS 3.00 Refund Monograph.. 1.25 
Life memb. payment. . 41.02 Forwarded for sub- 
Sale Rhind Papyrus... 210.00 scriber’s Mon... 2.00 
Contributions A. B. Forwarded for copy 
Sir Isaac Newton 3.00 
Int. Oberlin Savgs. Bk.. 155.76 a 1,919.89 
ary Hardy Fund ee 120.00 Pd. to sections from initiation fees. . 44.07 
Pd. to sections from Carus Mon. 
Int. certifs. of deposit. . 87.13 
’ Cost of new bond for Genl. End 
Fund Bonds. ..... 66.00 1,003.01 
i cee Pd. Drury College int. Hardy Fd. 
11,671.54 credit B. F. Finkel.......... 120.00 
Total 1928 receipts... .........- $20,711.70 Printing Rhind Papyrus.......... 1,373.75 
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Sustaining memb. in Amer. Math. 


Expense acct. Bibl. Math.......... 380.80 
Total expenditures.............. 11,420.08 Total expenditures.............. $11,420.08 
Chickiog account... 060% 130.19 
Oberlin Savgs. Bk. acct........... 3,688.21 
Peoples Bkg. Co. acct............ 2,865 .63 
Balance to the end of 1928 business.$ 9,291.62 Liberty Bonds.................. 1,000.00 
Received on 1929 business........ of deposit. 2,175.99 
Book balance Dec. 17, 1928....... $ 9,876.02 Bank balance Dec. 17, 1928...... $ 9,876.02 
Carus MONOGRAPH FUND 
$4, 396.36 
Expenditures: For speakers at sections on Monograph acct....................00% 104.17 
$4,292.19 
ARNOLD BurFruM CHACE FuND 
CHAUVENET FuND 
$ 560.00 
LirE MEMBERSHIP FuND 
Liability on life memberships Dec. 12, 1927.....................005 $ 443.84 
$ 484.86 
To be transferted to current funds, surplus... 12.82 
Liability on life Memberships as of Jan. 1, $ 472.04 
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GENERAL ENDOWMENT FuND 


$4, 250.00 

U. S. Treasury Notes, present surrender value...................... $1,250.00 

Cleveland Trust Securities Co. Gold Bond..................0..... .. 1,000.00 


Of the funds on hand, indicated in the first division of the financial report, 
$74.58 belongs to the Carus Monograph Fund (not yet transferred), $1,230.00 
belongs to the Arnold Buffum Chace Fund; $60.00 is set aside as the first 
three payments toward the Chauvenet Prize Fund; $472.04 is held as a Life 
Membership Fund, representing the liability on life memberships already 
paid for, as of date Jan. 1, 1929. Aside from these amounts, the sum of $4, 
250.00 is held in reserve as the General Endowment Fund; the Carus Mono- 
graph Fund, to the amount of $4,217.61, is carried as a separate fund in the 
form of a certificate of deposit which bears 4%, compounded quarterly; and 
a contribution of $500.00 from President W. B. Ford to the Chauvenet Prize 
Fund is held temporarily as a bank check. 

When the accounts were closed Dec. 17, 1928, there remained on the total 
business for the year 1928 the following items: 


BILLs RECEIVABLE PAYABLE) 

(partly estimated) (partly estimated) 
1928 individual dues................ $140.00  Publisher’s bills (Nov., Dec. 1928). . $1,150.00 
$220.00 Editor-in-Chief’s office....... 100.00 
Other editors’ postage............. 50.00 
Committee on Membership........ 50.00 
Secretary-Treasurer’s office........ 250.00 
Annals subvention...........5.... 150.00 
Initiation fees due tosections....... 650.00 
Carus Monograph Fund........... 74.58 
. 1,230.00 
Chauvenet Prize Fund 60.00 
Life Membership Fund............ 472.04 
$4,316.62 


If to the balance on 1928-business shown in this report, $9,291.62, there be 
added the bills receivable, $220.00, and there be subtracted the estimated 
bills payable, $4,316.62, there results an estimated final balance on 1928 
business of approximately $5,190, which represents the accumulated surplus 
in current funds, a good advance in the Association’s resources for the year. 

W. D. Carrns, Secretary-Treasurer. 
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A SIMPLE PRINCIPLE OF UNIFICATION IN THE 
ELEMENTARY THEORY OF NUMBERS! 


By R. D. CARMICHAEL, University of Illinois 


1. Introduction. The elementary theory of positive integers lacks the 
unity which is essential to a structure of the most pleasing esthetic quality. 
This fact is apparent from, and indeed is emphasized by, the record given in 
the first volume of Dickson’s History of the Theory of Numbers—a volume de- 
voted largely to elementary aspects of the theory of positive integers. As long 
as these numbers are dealt with only by the methods hitherto invented, this 
proposition concerning esthetic quality is likely to remain true; for there is 
apparent no ground of hope that these methods, by their development and 
extension, will grow into each other and so lead to the desired unity. You 
will therefore not expect.me to suggest a means of bringing order into all this 
confusion. At the best only a part of these scattered results can now be given 
a place in any structure of thought possessing esthetic unity. But I hope to 
indicate how a significant part of them may be united by a method which is 
both elementary and rather comprehensive as regards the material brought 
into unity through its use. 

A convenient point of departure is afforded by certain theorems due to 
Fermat. If the integer a is prime to the prime p then a?-!—1 is divisible by 
p; more generally, if a and m are relatively prime integers and if ¢(m) de- 
notes the totient of m then a#™ —1 is divisible by m. One inevitably raises 
the question as to what is the least positive integer v such that a’—1 is divisible 
by p or by m. The question also arises concerning the existence of numbers. 
a such that the least value of vy for which a’—1 is divisible by p or m is p—1 or 
¢(m) respectively. The customary propositions arising here you recognize as 
part of the classic theory of integers. You observe also that they are all in- 
timately associated with the infinite sequence of integers 


a—1, a®—1, a—1, 
This will afford the point of departure for the method to be presented. 
If we write 
=a"—1, »=0,1,2,-::, 
then it is easy to verify that 
— tau, = 0, wm =0, m=a-1. 


Conversely, the solution of this difference system leads to the given sequence. 
The indicated propositions may therefore be presented in the form of equivalent 
theorems pertaining to the named sequence. As soon as they are seen in this 
light, several possible generalizations come at once to mind. It is these which 
afford the simple principle of unification to be treated. 


1 This paper was read by invitation before the Mathematical Association of America at New 
York City on Dec, 28, 1928. 
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2. Recurrent Sequences of Integers.1 The sequence of integers 


(1) Uo, U1, 

is uniquely defined in terms of the initial numbers uo, m, - - -, ue, by the 
recurrence relation 

(2) + + + = a, 

in which a@, @,* are given integers. We assume that a,$0. We 


use m to denote a given positive integer and p to denote a given prime; and 


often (as occasion arises) we think of p as a possible value of m. 
Let 


be in order the least non-negative residues of the integers uo, 1, te, ° 
with respect to the modulus m. It is easy to show that the sequence (3) always 
contains a set of k consecutive residues which is repeated (as an ordered set) 
infinitely often in the sequence. The infinite sequence beginning with this set 
in any position in the sequence is the same as that beginning with the same 
set in any other position. We may therefore say that the residues (3), with 
the possible exception of a finite number at the beginning, repeat themselves 
periodically in cycles. If u is the number of residues in the smallest cycle which 
is thus repeated we shall call » the characteristic number of (1) modulo m, 
and we shall write 


When a and m are relatively prime integers the relations 
u(m; 1; a—1; —a;0)=u(m; 2; 0; —a—1, a; 0,a—1) = the exponent of a (modulo m) 


are easily verified in view of the sequence treated in § 1. Thus yu is in two ways 
a generalization of an important function in the classic theory. Furthermore, 
from the classic theory it follows that this particular u is always a factor of 
¢(m). These special results are instances of propositions concerning the general 
function wu, propositions which may be attained without too great difficulty 
(see the memoir cited) when m and aq; are relatively prime. 

The more important applications of the theory belong to the case in which 
equation (2) is homogeneous (a=0) and indeed to a case in which further 
conditions are also satisfied. The resulting sequences are then said to be re- 
stricted. By a restricted sequence (1) modulo m, where m and a, are relatively 
prime, we shall mean a sequence 


(4) Di, «ss 


such that U, is a solution of the homogeneous equation 


1 For this section generally, see the Quarterly Journal of Mathematics, vol. 48 (1920), pp. 
343-372. 
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(5) Ustk + + + aun, = 0, 
while the corresponding sequence of residues (3) modulo m, 
(6) Ro, Ri, R2, 


has a subset o of k consecutive elements (which we call a chief subset) containing 
at least one element prime to m and being such that another and later subset 
o, of k consecutive elements are in order congruent to the elements of the 
former set, each multiplied by one and the same integer 7 prime to m. Then 
we call 7 a multiplier modulo m of the sequence. If p is the exponent modulo 
m to which the multiplier 7 belongs, then w/p is an integer yu, which is called the 
restricted characteristic number modulo m of the restricted sequence (4) as 
to the chief subset o and the multiplier tr. Some of the most useful applications 
of the theory are associated with the number y,. 

These ideas furnish the basis for a general theory of these recurrent se- 
quences of integers. Since we are now to treat mainly certain special cases 
it is not necessary to outline the general theory. We may however give an idea 
of the latter by stating a few results for the very simple case when m is the 
prime power p‘ and the polynomial /(p), 


Je) = + ayp*' + --- +a, 


is irreducible modulo ». When k=1 and a=0 we suppose further that f() 
is not identically equal to p—1. We suppose also that p>k. Then the char- 
acteristic number yu of the sequence modulo ! is a factor of p*—1 when ¢=1 
and is a factor of p'(p*—1) when t>1, a, in each case being prime to p. Asa 
special case we have the classic result that the exponent of a modulo p is a 
factor of p—1, a being prime to ». There are numbers a belonging modulo p 
to the exponent p—1. As a generalization of this classic result we have the 
theorem that for every value of k there are sequences (1) whose characteristic 
number modulo # is p*—1. Ina similar way it is possible to generalize other 
classic results concerning primitive roots modulo m. 

There are also general theorems (see the Quarterly Journal of Mathematics, 
l. c.) asserting that a given number m is a prime when the characteristic number 
u of a sequence modulo m has certain defined properties. For special cases 
of these results see the next section. 

3. The Functions! D,, S, and F,. The instances of the foregoing general 
theory which have been most fully treated are those which are associated 
with the functions 


5” 
D, = D,(@,B) = Sn = S,(a,B) = @* + 


both of which satisfy the equation 
Un+2 — (a + B)tn41 + aBu, 0, 


1 For this section generally, see the Annals of Mathematics, (2), vol. 15 (1913), pp. 30-70. 
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where a+ 8 and are relatively prime integers. [The case when a and are 
both roots of unity is excluded from consideration.] Associated with D, and 
S, is the function F,,(a, 8), where 


F,,(a,B) = B*™Q,(a/B) 


and Q,(x) is the polynomial of degree ¢(”) with leading coefficient unity whose 
roots are the primitive m“ roots of unity without repetition. When m>1 the 
value of F,,(a, 8) is an integer; the value of F;? is also an integer. 

Then we have the obvious relation D2, =D,S, and the fundamental partial 
numerical factorization of D, afforded by the formula 


D,(a,B) = II] File,8) , 


where d ranges over all the divisors of m except unity. 

The properties of D,, S, and F,, have been developed in some detail. Perhaps 
the most fundamental properties of F, are those represented in the following 
theorem: 

I. Let » be any positive integer and let p be any prime not dividing v; then 

(1) If F,,=0 mod p, then F,?=0 mod p. 

(2) If F?=0 mod then each of the numbers Fyps, 
is divisible by p, and none of them is divisible by p? except when v=1 in which 
case F, may be divisible by »? and when v=3, p=2 in which case Fy may be 
divisible by 27. Moreover, F,?==0 mod p unless is of the form rp*. 

(3) If F,.+0 mod p, a>0, then F,,=1 mod p when vy>1 or when v=1 
and p=2; if v=1 and pis odd we have 


= (a — = + 1 mod p. 


Consider the sequence of integers F,*, F2, F3,- - -. By a characteristic 
factor of F, we mean a prime divisor of F, which is not a factor of any number 
of the set F,?, Fh, F3,- - +, Fr_,. Similarly, a characteristic factor of D,[S,] 
is a prime divisor of D,[S,] which is not a factor of any D,[S,] for which » is 
a positive integer less than n. In this connection the principal theorems are 
the following: 

II. A necessary and sufficient condition that a prime p which divides F, 
shall be a characteristic factor of F, is that p shall be prime to n. 

III. A characteristic factor of F,[F2.] is also a characteristic factor of 
D,[Sn]. 

IV. If wa and B are real and if n¥1, 2, 6, then F,(a, 8) contains at least one 
characteristic factor in all cases except when 
(1) @ and @6 are suitably chosen irrational numbers and 1 is equal to an 

odd prime divisor of (a—8)?; 


(2) n= 3, atB=+1, aB=-2; 
(3) n= 5, a+tBp=+1, eB =-1; 
(4) n=12, atB=+1, of =—1. 
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V. If a and B are real and +1, 2, 6, then D, contains at least one char- 
acteristic factor except when 


n=12, a+tB=+1, = —1. 


VI. If a and B are real and #1, 3, then S, contains at least one char- 
acteristic factor except when 


n=6, atB=+1, of = —1. 


VII. A characteristic factor of F,(a, 8) is of the form kn +1. When a and 
b are relatively prime integers a characteristic factor of F,(a, b) is of the form 
kn+1. 

From another point of view we have the following theorem: 

VIII. If po + p,%, where the p’s are distinct primes, and 
if m is prime to a6 then D,=0 and D,=0 mod ™m, where d is the least common 
multiple of the integers 


and where ¢ is their product, the symbol (a, 8), for odd prime p having the 
value 0, 1, or —1 according as (a—§)? is divisible by », is a quadratic residue 
of ~, or a quadratic non-residue of ~, while (a, B)2 is 1, 0 or —1 according as 
(a) aB is even, (b) a8 is odd and a+ is even, or (c) a8 and a+ are both 
odd. 

The function ¢ here introduced is a generalization of the Euler ¢-function. 
Many of the generalizations of this function which have been employed may 
be associated similarly with the general theory indicated in § 2; and the latter 
general theory may be so developed as to bring a certain measure of unity into 
the known results concerning Euler’s ¢-function and its generalizations. In a 
similar way some unity may likewise be introduced into the generalizations 
of the theory of primitive roots modulo m. 

By means of the functions treated in this section it may be shown that 
each of the sequences 


3-2*x—1, 4n+1, 4n—1, 6241, 62—1, 1,2,3,---, 


where p is any given odd prime and is any given positive integer, contains 
an infinite number of primes. 

In another range of ideas we have the following theorems: 

IX. A necessary and sufficient condition that a given odd number # shall 
be a prime is that there shall exist relatively prime integers a+ and af such 
that F,_, (a, 8) shall be divisible by p. 

X. A necessary and sufficient condition that a given odd number ? shall 
be a prime is that an integer a shall exist such that F,_, (a, 1) shall be divisible 
by p. 

XI. A necessary and sufficient condition that an odd number # shall be 


—— 
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a prime is that there shall exist relatively prime integers a+ 8 and af such that 
F541 (a, B) shall be divisible by p. 

XII. If p=2? +1, »>1, and if r is any odd prime of which is a quadratic 
non-residue, then a necessary and sufficient condition that p shall be a prime 
is that 


r(o-D/2 4 1 = 0 mod p. 


[For each p one may use 3 for r.] 
XIII. A necessary and sufficient condition that 2*+! - g+1, where q is an 
odd prime, shall be a prime is that an integer a shall exist such that 


+ 1) 
+1) 


It is by means of theorems of this sort that the discovery of large primes 
has been effected. Perhaps the whole of the known related theory may be 
unified by means of such theorems and their generalizations arising in con- 
nection with the general theory of recurrent sequences of integers. 

We may suggest as worthy of attention two generalizations of the important 
function D,(a, 8), namely, the following: 


= 0 mod 2**!.¢+ 1. 


1 1 1 1 
a) Qe ak a" ag at 
a" ae” 
a2 af-2 
a) a2 a’ 
G, = H,, 
1 1 1 1 1 1 
Qe Ak ay Qe 
a? ag -az a? a? 
where a, a@2,- + + ,a@, are distinct roots of the equation 


+ '+--- +e, =0, 


in which c, ¢2,- + +c, are given integers. The investigation of the prop- 
erties of these functions will lead to two generalizations of the theory associ- 
ated with the function D,(a, 8), which is the special case for k=2 of both G, 
and H,. It seems likely that this investigation will lead to something of interest. 
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In G, the numerator is formed by replacing the last row in the denominator 
by a", @",- +, a". Other useful functions may also be formed similarly 
by putting these elements for other rows in the denominator. 

The theory of recurrent sequences of integers, together with certain closely 
related matters, and particularly the special case treated in this section, may 
be shown to pervade, or at least to be implicit in important ways in, ten of the 
twenty chapters of volume I of Dickson’s History of the Theory of Numbers. 
Around this theory may obviously be developed practically the whole of the 
theory of chapters XV, XVI, XVII, and VI; and it has important connections 
with chapters I, III, V, VII, and XIV, as one may readily see; that one may 
also bring into relation with it certain parts of chapter VIII is apparent from 
our §5 below. 

It thus appears that the general theory of recurrent sequences of integers 
may be used as a unifying element for a significant portion of that part of the 
theory of numbers which has been treated in the volume mentioned. So far as 
I am aware, no systematic analysis of this theory has been made with reference 
to the problem of generalization and extension in such a way as to lead to 
further unification. What unification is brought about by the theory in its 
present state seems to have been accidental rather than purposed or foreseen; 
and yet what is present is significant. It appears that there is some ground 
to hope that further progress toward coordinating what are now diverse ele- 
ments might be made here both by particular investigations undertaken with 
this in mind and by a systematic exposition from this point of view. One must 
not expect too much from such an investigation; but even the probable partial 
successes which are to be anticipated will justify the effort required. 

4. Propositions Discovered by Fermat. On a previous occasion! I have © 
insisted on the fact that many of the results announced by Fermat (See list 
in his Oeuvres, Vol. 1V, pp. 231-237) may be associated closely with the prop- 
erties of recurrent sequences of integers. In fact, a systematic examination of 
this matter brings out the following facts :-— 

(1) The results which may be derived readily from this theory by further 
methods known to have been employed by Fermat comprise about one-third 
of his principal discoveries in the theory of numbers as listed on pp. 231-237 
of the fourth volume of his Oeuvres. 

(2) In interest and value these results are fully up to the high level of 
Fermat’s work in general. 

(3) Approximately another third in the list in Fermat’s Oeuvres may be 
selected of such sort that one can see from Fermat’s writings a natural way 
by which he was led to each result in such portion of the total list and to its 
proof. 

(4) Of the remaining third it can be determined from Fermat’s work itself 
that some of the most remarkable of them were by him associated with the 


1 Quarterly Journal of Mathematics, vol. 48 (1920), pp. 363-372. 
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results which may readily be derived from the theory of recurrent sequences 
of integers; as, for instance, the fact that the theorem about polygonal numbers 
is a consequence of the fact that every prime of the form 4x+1 is a sum of 
two squares. 

Moreover, an analysis of the proofs of the general theorems about these 
recurrent sequences, with reference to the simplifications which would result 
for just the cases actually to be used in deriving Fermat’s theorems, reveals 
the fact that the proofs in these cases are of extremely simple character and 
involve only those conceptions into which Fermat may naturally have been led 
from certain other matters to which he is known to have given much attention. 

Furthermore, the theory of these recurrent sequences has many elements 
analogous to the theory of singly periodic functions; and this suggests in- 
evitably the question whether there is a corresponding situation in the theory 
of numbers (not yet brought to explicit notice, to be sure) in which we should 
have elements corresponding to the theory of doubly periodic functions. 

These considerations tend to suggest the conjecture that we may have in 
the theory of recurrent sequences of integers a reconstruction (and extension) 
of certain of the methods employed by Fermat in some of his most remarkable 
discoveries in the theory of numbers. While the evidence is of too uncertain 
a character to justify insistence upon the conjecture it is yet true that there 
is too much plausibility in the suggestion for it to be ignored in presence of 
the fact that Fermat’s work is so important both in the history of the theory 
of numbers and with respect to its actual content in its present state. 

In order to make clear the nature of the relations insisted upon, we present 
a few instances of theorems of Fermat which belong to the range of ideas now 
in consideration. 

One of Fermat’s important results is the following: If p is an odd prime 
number and a* is the lowest power of a, such that a'—1 is divisible by p, then 
tis a factor of p—1; if ¢ is odd no number of the form a‘+1 is divisible by 9; 
if tis the even number 27, then a*+1 is divisible by p. All these propositions 
follow readily from the theory of recurrent sequences of integers. 

If g is a prime divisor of 2?—1, when is a prime, then the restricted char- 
acteristic number modulo g of the sequence 2"—1, m=0, 1,- - -, as to the 
chief subset (0, 1) is a divisor of p, and hence equal to p. Therefore # is a factor 
of g—1, as asserted by Fermat. 

It is obvious that the Fermat numbers 2%+1 are intimately associated 
with the theory of recurrent sequences. 

As a final example, let us consider the properties of an odd prime factor p 
of the sum a?+0? of two relatively prime squares. For D, we now take D,= 
(a*—b")/(a—b). Then we have 


D=0, D.=1, DD=a+b, Dp =a? +ab+ Dy = (a + + 0’). 


Then we see that the restricted characteristic number modulo p of the sequence 
Dy, Dy, Dez, + + + as to the chief subset (0, 1) is 4; whence it follows from the 
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general theory that p—1 is divisible by 4, or that p is of the form 4x+1. That 
is, every odd prime factor of the sum of two relatively prime squares is of the 
form 4x+1. Thence we have readily other results stated by Fermat: No 
divisor of a sum of two relatively prime squares can be of the form 4x—1; no 
number of the form 4x—1 can be the sum of two squares, either integral or 
fractional; no number of the form 9x+3 can be the sum of two squares, either 
integral or fractional. 

If we turn to the converse of the theorem that every odd prime factor p 
of the sum of two relatively prime squares is of the form 4x+1 we may derive 
readily (by means of recurrent sequences) the conclusion that every prime of 
the form 4x+1 is a factor of the sum of two relatively prime squares. Having 
reached this stage one observes that certain of these primes 4x+1 may actually 
be represented as the sum of two squares, and naturally raises the question 
whether this is a common property of all of them. That this question is to 
be answered in the affirmative is then readily shown by the method of infinite 
descent, a method known to have been employed by Fermat in proving this 
theorem. 

Such considerations as these lead to a realization of the fact that many 
of the apparently unrelated theorems stated by Fermat constitute so many 
fragments of a general theory of certain particular classes of recurrent se- 
quences of integers. 

5. Galois Fields. Higher Congruences. In order to associate the Galois 
field theory with the theory of recurrent sequences of integers, let us consider 
a primitive mark w of the Galois field GF[p*] where p is a prime and k is a 


positive integer. Then integers +, exist in the field such that 
(7) w* = cy! + + + + Cx. 

Thence it follows that integers u,, u,%, + + + , 4, exist such that 


Moreover, when 0 S n<k we have u, equal to zero except when n=k-—17 in 
which case the value is 1. Multiplying (8) by w and employing (7) we have 


Comparing this equation with what is obtained from (8) on replacing n by 
n+1 we see that 


+ 


= 

ll 


= co) + 


= + , 


(k) 
= 
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Eliminating from this system all the functions u except u,™ we find that u, 
is a solution of the following recurrence equation: 


(10) Untk = + + + Cnthn. 

Thence it is obvious that each of the functions u,, u,®,- + -, un satisfies 
this recurrence relation. They are then uniquely determined by the help of 
their initial values as already given. (It is to be observed that the function- 
values may be reduced modulo # to numbers of the set 0, 1, 2,- - -, p—1.) 
It may be seen from (8) that u, =w" is a solution of (10) in the GF[p*], whence 
it follows that the successive powers of a primitive mark in a GF[p*] satisfy 
a recurrence relation of order k with integral coefficients. 

That p*—1 is the characteristic number modulo # of the sequence u,, 
n=0, 1, 2,- + +, follows readily from the fact that the order of w is p*—1, 
proof being made by means of (9) and (8). Hence for every prime # and given 
k there exists a recurrence relation (10) with integral coefficients such that 
p*—1 is the characteristic number modulo p of that solution of equation (10) 
for which 0, 0,- - -, 0, 1 are the initial constants. It may be shown that 
this is a property of prime numbers which belongs to no composite number. 

Consider now the solutions u,™, u,®,- + +, ux of equation (10) where 
mn ranges over the set 0, 1, 2, - - - . The corresponding sequences may be 
indicated as in the following array: © 


000---010 Uk+1, Uki2, 


k+1 k+1 
100---000 ui, u®, 
k+1 k+2 


Now consider the p*—1 ordered sets of k elements each, one set being formed 
from each of the first p*—1 columns of the foregoing array by taking the ele- 
ments in order in such a column beginning at the top and reducing each modulo 
p toanumber of the set 0, 1,- - - , p—1. Then no two of these p*—1 columns 
give rise to the same symbol, and no one of the symbols consists entirely of 
zeros. Hence the p*—1 symbols may be denoted by (Ai, Ae, Ax) where 
each of the X’s is a number of the set 0, 1, - - -, #—1 and in no symbol are 
all the \’s zero. Adjoin the symbol (0, 0,- - -, 0). The * symbols may 
then be used to represent the marks of the Galois field GF[p*] with the rules 
of addition and multiplication defined as follows: the element (0, 0,- - -, 0) 
enjoys both the additive and the multiplicative properties of 0; the sum of 
any two symbols is defined as the symbol obtained from the given symbols 
by adding corresponding elements and reducing modulo p to numbers of the 
set 0, 1, 2,- + +, p—1; the product of the elements formed from the m* 
column and the u* column is the element formed from the (m+-n—1) column. 
It is not difficult to show that the elements so defined, together with the de- 
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fined operations of addition and multiplication, constitute the GF[p*]. Thus 
the Galois field theory is exhibited as belonging to the general theory of re- 
current sequences of integers reduced modulo p where p is a prime number. 

From this conclusion it may be seen that a significant part of the general 
theory of higher congruences may be intimately associated with the recurrent 
sequences here in consideration. 

If the theory of the finite geometries is considered as a geometric phrasing 
of certain matters in the theory of numbers, then this division of number 
theory is intimately connected with recurrent sequences of integers. Thence 
one is led to a large part of the theory of Abelian groups, as is shown by the 
connection of that theory with the finite geometries. 

We have now said enough to make it apparent that a considerable and a 
highly significant portion of that part of the theory of numbers analyzed in 
the first volume of Dickson’s history of number theory is capable of a marked 
unification through a treatment of it in intimate connection with the theory 
of recurrent sequences. We have not had time to go into details. But the 
results presented indicate that here is an important work of exposition (and, 
to a smaller extent, of discovery) which should be carried out systematically. 
It would certainly bear fruit of interest. 

6. Connections with Finite Groups. Perhaps I may be allowed a digression 
from the main theme of the paper for the purpose of presenting an empirical 
connection between some of the numbers here treated and certain properties 
of groups of finite order. 

In 1905 (Géttingen Nachrichten) Dickson presented the following con- 
jectured theorem, which he verified numerically in a wide range without how- 
ever obtaining a proof of its validity: 

I. If Gis any group of order p"—1, where p is a prime and 7 is an odd integ- 
er greater than two, then G contains a self-conjugate subgroup of order a power 
of a prime g, where g is a factor of p"—1 but not of any p"—1 where0<m<n. 

Dickson found a need for this theorem in investigating the existence of 
certain finite algebras which generalize Galois fields. The problem of the 
existence of these algebras is intimately connected with that of the existence 
of doubly transitive groups of degree " and order p"(p"—1). In connection 
with a study of the latter problem I have lately encountered a need for just 
such a theorem; and in analyzing the matter have come to raise several ques- 
tions concerning theorems analogous to that conjectured by Dickson. 

Dickson verified the foregoing theorem for the cases of 144 values of p"—1. 
These I have checked and have continued the verification through 15 additional 
cases. Neither of us found any exception to the theorem. 

The foregoing theorem is intimately connected with the following: 

II. When a and £ are real and the exceptional cases of theorem V of §3 
are excluded (as far as may be necessary) and when x is odd and greater than 
2, then a group G of order D,(a, 8) has a self-conjugate subgroup whose order 
is of the form q‘(t>0) where q is a characteristic prime factor of D,(a, 8). 
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No method has been discovered which so much as promises to yield a proof 
of this theorem. A verification has been carried out for each of 230 cases for 
orders D,(a, 8); and no failure of the theorem has been discovered. For the 
purposes of this verification I have employed the known tables of factors of 
the numbers D,(a, 8) for particular values of a and 8 and indeed have con- 
structed some additional tables for the problem in hand. Owing to the rapid 
increase of D,(a, 8) for increasing m (a and B being fixed) it is very laborious 
to obtain tables with a large number of entries. 

The examination of these propositions has led to the consideration of 
others, the principal ones of which will be mentioned. 

III. This is theorem I with the removal from the hypothesis of the con- 
dition that 7 shall be odd and with the further restriction that #4, 6. 

This has been verified for 183 values of p;—1, twenty-four of them being 
cases for which n is even. The presence of the named exceptional cases indicates 
the possible presence of others. 

IV. This is theorem II with the removal from the hypothesis of the con- 
dition that m shall be odd. 

This theorem has been verified for 285 cases of values of D,(a; 8), fifty- 
five of the verifications being for even values of n. 

A theorem implied by, but (apparently) not implying, theorem IV is the 
following : 

V. When a and f# are real and the exceptional cases of theorem IV of §3 
are excluded, then a group G of order F,,(a, 8), n>2, contains a self-conjugate 
subgroup whose order is of the form qg‘(t>0) where g is a prime factor of 
F,,(a, 8) but is not a factor of n. 

This theorem has been verified for each of 639 cases for the order F,(a, 8). 
It was found indeed that for each of these cases a Sylow subgroup serves for 
the invariant subgroup whose existence is asserted by the theorem. 

In the case of propositions III and IV the conclusion may be weakened 
without destroying the value of the resulting theorems, if in their weaker form 
it should be possible to preve them. Writing »=2v, we may thus weaken the 
conclusion by allowing qg to be a characteristic factor of either p?”—1 or of 
p’—1in the case of theorem III and of either D2, or D, in the case of theorem IV. 

No one of the foregoing five theorems has been proved, and indeed no 
possible method of proof is apparent. No exception has been found to any 
one of them. So far as I have been able to find out, some characteristics of 
these propositions do not appear in any of the demonstrated theorems in group 
theory. If this opinion is well founded, then these propositions deserve especial 
attention; and that is my reason for calling them to your notice. If the prop- 
ositions are true a demonstration of them would establish an interesting 
connection between group theory and the additive theory of numbers; for 
here the orders of the groups are determined by additive means while the 
conjectured properties of the groups have to do with fundamental matters 
pertaining to the structure of these groups. 
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A LINE-CONIC CAMERA! 
By L. R. FORD and G. L. LOCHER, Rice Institute 


1. Theory of the camera. The camera to be discussed here is one in which 
the image of a straight line in space is a conic section. For a non-specialized 
line the image is a proper conic; for particular positions, however, the image 
may degenerate into a straight line. 

The camera has no lens. It consists of a dark chamber with two walls in 
front. These walls are opaque except for a rectilinear slit in each through which 
light can pass. The light which passes through the slits falls upon a plane 
photographic plate lying within the chamber. The slits are skew lines. 

The mathematical theory of the apparatus is simple. It is clear that a 
point before the camera will have a single image on the plate, for a single ray 
from the point meets the two skew slits. Consider a straight line / in space— 
the edge of a building, for example. The rays from the points of this line which 
reach the plate meet the two slits. They are thus the rays meeting three straight 
lines. It is well known that a straight line which moves so as to interest three 
skew lines generates a quadric surface. Hence if / is skew to both slits the rays 
issuing from the points of / and getting through to the plate lie on a quadric 
surface. And the section of the quadric surface of the rays by the plane of the 
plate is a conic (degenerate for particular positions of the plate). These re- 
marks establish the principal property of the camera. 


A Lamp FILAMENT A Row or LiGcHTs 


Photographs of individual lines are shown in the first two figures. The 
first photograph, unlike all the others, was made with the object within the 
chamber and the plate outside. An incandescent lamp was put in the chamber 
and the image of one of its straight filaments was made. In this case a lens was 
used to reduce the size of the image. The secondary curve appearing in this 
figure is probably the reflection of the filament from the glass bulb. 

2. Details of construction of the camera. The slits, which are made of steel 
knives fastened on wood discs, are each 4.5 cm. long and about .15 mm. wide. 
One of these is fixedly attached to the box of the camera, while the other can 


1 Read before the Texas Section of the Mathematical Association of America, College Station. 
Texas, Jan. 28, 1928. 
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be set at any angle to the first, in a parallel plane one cm in front. Longer 
slits would have been advantageous, as they would have allowed a larger field 
of view. 

The camera box is 12 by 18 by 15 cm. in size and is fitted with a removable 
back for loading and adjustment of the photographic plate. The plate-holder 
is a universal clamp which allows the plate to be held in any desired position, 
making any angle with either slit. The absence of lenses gives universal focus. 
For adjustment, a ground glass plate is used in the plate-holder and the image 
on it is viewed under a dark cloth. 

It was found by trial that the angle between the slits giving the best images 
is 8° to 10°. Smaller angles give images approaching a degenerate case, while 
much larger angles give images like those of a pinhole camera. In our best 
photographs each slit was inclined at an angle of 30° to 40° to the plate. In 
bright sunlight, about one and one-half minutes exposure is required for lantern- 
slide plates. 

3. Degenerate images. Let the slits be the skew lines m and n; and let the 
plane of the plate be z, not containing m or n. Let m and n meet 7 in the points 
M and N respectively. To avoid the special consideration of parallels we shall 
adopt the conventions of projective geometry about points at infinity. 


Puysics LABORATORY, RICE INSTITUTE CAMPANILE, RICE INSTITUTE 


Let J be a line whose image we are to consider, and let L be its intersection 
with x. We consider first those positions of / for which the image is not a proper 
conic. 

If 1 meets both m and x the image is a point. 

If 7 meets one and only one of the lines m and m the ray surface is a de- 
generate quadric. Let / and m meet in a point T, and let the plane o containing 
land m meet in S. Then any ray joining a point of / to S gets through to the 
plate. So also does any ray from T toa point of m. The ray surface is, in theory, 
a pair of planes. Practically, however, the ray surface consists of the plane 
alone. For in the actual apparatus, a slit is a line segment and does not extend 
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to meet the actual illuminated point T on a line whose photograph is taken. 
The image of / is the intersection of ¢ and r—a straight line. 

If / meets neither m nor the ray surface is a proper quadric. The quadric 
is a hyperboloid of one sheet or a hyperbolic paraboloid; and 1, m, n are gen- 
erators of one system. Certain of the plane sections of the quadric are de- 
generate. 

If the ray surface is a proper quadric the image is degenerate if and only is 
the plate is a tangent plane of the quadric. 

If z is tangent to the quadric it contains the two generators through the 
point of tangency. The intersection is thus a pair of lines. Conversely if the 
image contains a line /’ the complete intersection of with the surface consists 
of 1’ and some other line/’’. At the point of intersection of 1’ and /’’, 7 is tangent 
to the quadric. 

This condition can be put in a different form: 

If a line does not meet either slit then its image is degenerate if and only if the 
line and the two slits meet the plate in collinear points. 


PALMER MEMORIAL CHAPEL, Houston ADMINISTRATION BUILDING, RICE INSTITUTE 


If L, M, N, lie on a line l’’ this line lies on the ray quadric, and is part of 
the intersection of + and the quadric. The remainder of the intersection is a 
line 1’. Since the slits are not actually constructed up to their intersection 
with the plate the line /’’ does not appear on the photograph. Conversely 
if the image contains a line /’, the complete intersection of 7 and the quadric 
consists of /’ and a second generator /’’. These generators belong to different 
systems. The lines /, m, m do not meet and are therefore generators of one 
system. The generator /’’ of the other system meets all of them; hence, L, M, N 
are collinear. 


4. Proper conic images. Putting aside the degenerate cases we now state 
some theorems relative to the proper conics which appear as images of straight 
lines. We shall call a line non-specialized if it does not belong to one of the 
classes mentioned in the preceding treatment. 
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The image of a non-specialized straight line is a conic passing through the 
points where the slits meet the plane of the plate. 

Through MM a line can be drawn to meet the two skew lines m and /. This line 
is a ray of the ray surface determined by /; hence M lies on the image. Likewise 
N lies on the image. 

The images of straight lines are thus conic sections which pass through two 
fixed points. From mechanical considerations these points do not lie in the 
photograph. 

If either slit is parallel to the plate the conics extend to infinity and there 
are no elliptic images. If both slits are parallel to the plate all images have 
distinct common points at infinity. They are thus all hyperbolas with asymp- 
totes parallel to the slits. They are similar hyperbolas. 

The images of non-specialized lines lying in a plane are conics with three 
common points. 

Let the lines lie in a plane 7; and let t meet m and n in M’ and N’ re- 
spectively. Let the line M’N’ meet 7 in a point U. Then U isa point on each 
of the images. For, the line M’N’ meets both slits and meets any line / lying 
in 7; hence it lies on the ray quadric determined by /. Consequently U is on 
the image of /. All images pass thus through U, M, and N. 

The point U lies on the intersection of the plane r with the plane of the plate. 
It is distinct from M and N unless 7 passes through one of these points. 

The images of non-specialized concurrent lines are conics with three common 
points. 

The image V of the point through which the lines pass lies on all the conics. 

The images of non-specialized concurrent lines lying in a plane are conics with 
four common points. 

The images pass through M and WN and through the points U and V de- 
termined by the plane and the point on which the lines lie. For special situa- 
tions some of these points may coincide. 

In a photograph of a building, the images of the lines lying in one face have 
three common points. The images of the vertical lines, whether co-planar or not, 
have three common points. The images of vertical lines of one face, as in the 
accompanying photograph of the Physics Laboratory, have four common points 

The rays which meet the two slits constitute a line congruence. There is one 
ray through a general point of space; that is, the congruence is of the first order 
There is one ray lying in a general plane in space; that is, the congruence is of 
the first class. The various theorems on congruences can be interpreted in terms 
of the properties of photographs taken with the camera. 
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ON A CYCLO-SYMMETRIC DIOPHANTINE EQUATION! 
By H. A. SIMMONS, Northwestern University 


1. Introduction. The purposes of this paper are: to exhibit a solution in 
positive integers of the cyclo-symmetric equation 
1 1 1 1 
(1) + 
a 


in which a, , r are positive integers with n2r>1 and each term of the left 
member involves r of the m variables x1, x2,---, Xn; then, letting L stand 
for the left member of (1), to solve the equation 


(2) L = b/{(m + 1)b — 1}, 


when? »>r>1 and b, m are positive integers; to prove that there is a maximum 
number x that can appear in a solution in positive integers of (2); to point 
out properties of our solution of (2) which *end to convince one that it contains 
the maximum number x just mentioned when the variables x; satisfy Defi- 
nition 2 below; and finally to propose to the reader several problems which are 
suggested by the results of this paper and related literature*—problems which 
we have not been able to solve. 
In our discussion we shall use the following definitions: 


Definition 1. The term solution will mean solution in positive integers. 


Definition 2. The order of magnitude of the integers x; will bex; Sx. < --- 


Definition 3. In (2) suppose x; is first taken as small as possible; then with 
x, so selected, let x. be taken as small as possible; then with x, x2 so selected, 
let x; be taken as small as possible; etc., until the first (z—1) of the x’s have 
been selected. We shall find that this method of selecting the x; (¢=1,2,---, 
n—1) when n>r gives to x, in (2) an integral value, and we shall call the set x, 
X2,° ++, %X, thus obtained the principal solution* of (2). Furthermore, any 


1QOn May 14, 1927, the author prese » the Mathematical Association of America a 
paper on the case r=2, a=1 of equation (1) c 

2 If n=r, (2) may not havea solutior. For exau:,‘e, 1/(x1%2)-+1/(x2x1) =3/5 has no solution, 
as can be quickly snown by the method of trial and error. 

3D. R. Curtiss, On Kellogg’s Diophantine problem, this Monthly, vol. 29 (1922), pp. 380-387. 
He found the maximum value that x, can assume in the equation 1/x,+1/x2+ ---+1/x,=1 
when x, , Xn-1 are positive integers and x; +++ and showed how to extend his 
theory so as to obtain a similar result for the equation 1/x,+1/x2+ +++ +1/xn=b/[(m+1)b—1] 
when 6b, m are positive integers and m>r. Tanzo Takenouchi, On an indeterminate equation, 
Proceedings of the Physico-Mathematical Society of Japan, vol. 3, No. 6, pp. 78-92. He obtained 
the results just mentioned by a method which is entirely different from that of Curtiss. 

4 This definition is somewhat like one which Takenouchi used in his paper referred to in foot- 


note 3, 
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subset *1, X2,°*:, x; (rSi<m) of the numbers which form the principal 
solution of (2) will be called a principal set relative to (2). 

If (1) be used in place of (2) in Definition 3, it will still hold since (2) re- 
duces to (1) when =1 and m=a. 


Definition 4. The symbol ng, (x) will be defined by the equation 
For example, e¢4(x) = 1 +3 + 
2. Inductive attack. When n=r, (1) becomes 
1 1 1 1 


which obviously has the solution 
a principal solution (c. f. Definition 3). Hereafter we shall take n >r. 
When r=2, equation (1) reduces to ; 
1 1 1 1 1 
+ + 


X X2X3 Xn-1Xn XnX1 a 


(4) 


which, in the cases n = 3, 4, 5 has (perhaps among others) the solutions below. 
n=3:%,=1, =a+1, x3 = a(a + 2)- 

n=4:%,=1,% =*3=at+1, x = a(a+1)(a+ 2). 
n=5:4,=1, % = x3 =at+1, = a(a+1) +1, 


as = a(a + 1)?[(a(a + 1) + 1) +1]. 
These solutions lead one to expect that the numbers (x, Xn) = 
(u1, U2, +, Un) defined by 
(5) =1, w=at1l, = = 3,4,---,n-—1), 


are a solution of (4) for all integral values of n>2. 
Similarly when r=3, equation (1) reduces to 
1 1 1 1 
(6) + —, 


X1X2X3 XnX1X2 a 


which, in the cases n =4, 5, 6 has (perhaps among others) the solutions below. 
n= 4:4, =%,=1, x43 =a+1, x4 = a(a + 3). 
=m =at+1, xs = al(a+ 1)? + (a+ 1) +1]. 
n= 6:4, = 42 = 1, 43 = = =a4+1, = 


| 


150 ON A CYCLO-SYMMETRIC DIOPHANTINE EQUATION [Mar., 


These solutions lead one to expect that the numbers (x, %2,:--:, X.)= 
(v1, ¥2, Mn) defined by 
(7) = = 4,5,---,n—1), 
7 


are a solution of (6) for all integral values of n >3. 
Theorem 1. The numbers x2, +++, Xn) =(W1, We, +++, Wn) defined by 
(8a) 1(i=1,2,---,7—1), 
(8b) w,=a+1, 
(8c) r+2,---,n—1), 


(8) 


are a solution of (1) for all integral values of n>r>1. 


This theorem is true. To prove it, take n=k>r in (1); substitute the 
w,; (t=1, 2,---, k) of (8) into (1); denote by C the sum of the first (k—7) 
resulting terms; then, using 1 in place of the w; of (8a) in the last r terms of 
(1), we have, by hypothesis, 
1 1 
+ 


1 1 1 
Wr a 
Substituting into (9) for w;, its value in terms of the w,(i=1, 2,---, k—1) 
as given in (8), reducing the expression in brackets of (9) to a common de- 
nominator, and then cancelling out of the numerator and denominator of the 
resulting quotient the common factor ,4¢,(w), which is the numerator of that 
quotient, we obtain 


1 1 
(10) 
a 
Now taking »=k-+1 in (1) and substituting the w; (¢=1, 2,---, k+1) of 


(8) into (1), and using 1 in place of the w; of (8a) in the last r terms of (1), we 
obtain the relation which we wish to prove, 


1 1 1 
(11) C+ + | + 
Wk—r+1Wk-r42 Wk Wk—r+2Wk-r43 °° Wk Wk-r+3Wk-r44 °° Wk 
1 1 
Wk Wk+1 a 
in which w,=aw, - ++ wz--+1 since n=k+1 [c. f. (8c)]. If (11) is true, one 
can see from (10) and (11), after collecting the expression in brackets of (11), 
that 
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(12) 1 1 4 


Wr-1 °° Wk * WeWK41 


Transposing the first term in the right member of (12) to the left member 
we obtain 
Wk — Wer Ww) 


(13) - 


The numerator in the left member of (13) equals 1 since w; is defined by (8c). 
Hence the solution of (13) for wz4, is 


(14) = kt 1Pr(W). 


As (14) is the formula which (8d) gives for w, when n=k+1, we conclude 
that (11) holds; consequently Theorem 1 is proved. 


3. Generalization of Theorem 1. For equation (2), with »>r, we shall now 
exhibit a solution which reduces to solution (8) of equation (1) when 6=1 and 
m=a. For brevity write a=(m+1)b—1. Then the expression 


E = (b/a) — 1/{ [a/b] + 1}, 


[a/b] standing for the greatest integer in a/b, equals a fraction with a unit nu- 
merator. In the case )=1, m=a, studied above, E=1/a—1/(a+1) =1/a(a+1). 
To generalize the work of §§ 1, 2, for 7>r, one needs only to prove two state- 


ments. if m=r+1, the numbers (x, +, We 
defined by w=1 (¢=1, 2,---, r—1), w=[a/b]+1=m+1, 
a(m+r) are a solution of (2); (2) if the numbers (x, %2,---, Xn=(w,) 
We, +++, Wn) defined by 

(15a) 1(¢ = 1,2,---,r-—1), 

15d) wpe=m+i1, 
(15) 

(15c) w= 


(15d) Wn—r' nPr(W) 


are a solution of (2) when =k, so are they when n»=k+1. The proof of (z) can 
be made by mere substitution; that of (22), by the method of §2. Thus one 
obtains 


Theorem 2. Jf in equation (2), b and m are positive integers, the numbers 
(15) area solution of (2) for all integral values of n>r>1. 


4. Number of solutions finite. As (2) reduces to (1) when }=1, m=a, we 
shall prove that the number of solutions of (1) is finite if we show that this is 
true of (2) for every pair of the positive integers a=(m+1)b—1 and b. In 
(2), x:<(na/b)'" because (b/na) S(1/xixz --- x,)S(1/m"), (c.f. Definition 
2). Hence there are only a finite number, ™, of choices of x. If one of 
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these values of x; be substituted into (2), an equation in x2, x3,. . . , xn will 
be obtained in which there are only a finite number of choices of x2. Therefore 
in all of the 2; equations obtained from (2) by substituting into it one-by-one 
the m, choices of x:, there are only a finite number, m2, of choices of x2; similarly, 
by considering m7. equations in x3, %4,°*+, Xn, one finds that there are 
only a finite number of choices of x3; etc. for x4, x53,°-+, xn. This proof, 
the first paragraph of § 2, and footnote 2, altogether, give 


Theorem 3. The number of solutions of (2) is finite. If n=r, (2) has a prin- 
cipal solution when b =1, and does not always have a solution when b>1. 


From Theorem 3 the following corollary is obvious. 


Corollary 1. There exists a maximum number x that can appear in a solution 


of (2). 


5. Properties of solution (15). For solution (15), properties (I) and (II), 
which we state and prove below, are of special interest because (I) is an analog 
of a property which Takenouchi! used much in finding the maximum number 
x that can appear in a solution of the equation 1/x:+1/x+ +--+ +1/x,= 
b/[(m+1)b—1], while (II) is an analog of the initial inequality in a chain of 
inequalities which Curtiss! used in finding the same x. 


(1). The numbers (15) are the principal solution of (2) when n>r. 
(II). In (15), xn =Wn has attained its functional upper bound. 
Proof of (1). When n=r+1, the numbers (15), 


w= 1(i=1,2,---,r—-1), =m+t1, = 


are obviously a principal solution of (2). Suppose the numbers (15) are a 
principal solution of (2) when =k, k being any integer >r>1. Then, by 


hypothesis, w;, we,--++, We, are a principal set relative to (2). We wish 
to prove that when »=k+1 the numbers (15) are the principal solution of 
(2). It will be sufficient to show that the numbers w;, we, -- + w, defined 


by (15a), (155), (15c) area principal set relative to(2). Obviously wi, we,+--, 
W,-, are a principal set relative to (2) when n=k+1, since they are such a set 
when »=k. What we need to prove is that if wi, we,-+-+, Wri, Xe are a 
principal set relative to (2) when n=k+1, then x,=w,. Considering only such 
numbers x; (t:=1, 2,---, m) as satisfy Definition 2 and equation (2), we 
define the symbol f,(x) (>0) by the equation 


1 b 1 1 
Consequently 


1 Cf. footnote 3. 
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x 
fr-1(*) 
Xp—r+ 1X p—r42 °° * 
Since this inequality holds for every set of the x;(¢=1, 2, - - -, p) which 
satisfy Definition 2 and belong to a solution of equation (2), we have 
(w 
(17) 2 +1, 
Wp—r+1Wp—r42 * Wp-1 


where the w’s are defined by (15). It will follow now that 


(18) Sp sn — 1) 
if it can be shown that f,_1(w) =aw: - This fact we prove in 

Lemma 1. f,(w)=aw,; - w, if rSqSn-1. 

Proof. When g=r, we have, by (16), 

1 b 1 b 1 b 1 1 
fiw) @ m+i (m+1)b—1 m+1 
so that f,(w)=a(m+1)=aw, - - - w,, and Lemma 1 is true. Suppose it 
is true when g=s, where s is an integer such that r<s<n—2; then, by hy- 
pothesis, f.(w)=aw, - - + To prove that fs4i(w)=aw + Ob- 
serve that, by (16), 
fur(w) falw) Wert Wet 1fe(w) 

After replacing f,(w) in the last fraction by its value, aw; - - - w,, and can- 


celling from the numerator and denominator the factor w,+42 W143 
w,, we obtain 


fo+i(w) GW, * WeWe41 
Since + Wergitl, by hypothesis [c. f.(15)], the solution of 
(19) for fisi(w) is foyi(w) =aw, + + Wey1, and Lemma 1 is true. 
Application of Lemma 1 in (17) now shows that (18) is true. If we take 
p=n—1=(k+1)—1=h in (18) we obtain x,2aw, - wy,+1. Comparison 


of this relation with the value given for w; in (15c) shows that if w;, w,- - -, 
W,-1, Xz iS a principal set relative to (2), then x,=w,. Hence (15) is the princi- 
pal solution of (2) when »=k-+1, as was to be proved. 
Thus far we have assumed r>1. We may regard 
(20) + + + : 
Xn (m+1)b—1 


as the case r=1 of (2). If we do so, the principal solution (15) should reduce 
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to Takenouchi’s principal solution of (20), namely,! (a1, + + , 
(a1, * * , Where 


a =m+1, a = — 1) + = 2,3, 
Qn = * * * = — 1). 

To see that this is the case, we need only to omit the w; of (15a), whose sub- 

scripts 21 and <0, and replace n¢,(w)=nd¢i(w) in (15d) by 1, since there is no 

subscript 2»—r+i1=n and <n-1. 


Proof of (II). Instead of using the expression given for w, in (15d), we 
now find it convenient to employ an equivalent homogeneous expression in- 


volving all w,(i=1, 2,- - - , m—1), namely, 

+ Wn—r+1Wn-r4+2° °° Wn-1)- 


Denote by 6(w) the part of (21) which is in parentheses. To prove (II), we 
only need to show that 


(22) Xn Sax + 


when the x; ({=1, 2,- - -, m) satisfy Definition 2 and belong to a solution 
of equation (2). From (16) and (2), one can easily verify that 1/f,1(x) equals 
the sum of the terms of (2) which involve x,. After collecting these terms, 
then, we have 


1 6(x) 1 
h fn—1(x) °° °° Xn-1 Xn 
so that 
(23) = 


From (16), one sees that fn_1(x) equals a fraction whose numerator is ax; 
Xn-1 and whose denominator is a positive integer. Hence f,1(x) Sax 
X,-1, Using this inequality in (23), we obtain 


in which x, is not one of the numbers Xn_,41, Xn-r42, °° * » Xn-1; that is, rS 
n—r. Furthermore it is to be understood that if r=n—r, x, occurs exactly 
once in the coefficient of 6(x) in (24). To see that (24) implies (22) now, we 
only need to observe that xx. - + + x,121. Hence (II) is true. 


6. Unsolved problems. Properties (I), (11), and Corollary 1, together with 
the results mentioned in footnote 3 lead one to expect an affirmative answer 


1 See p. 81 of Takenouchi’s article referred to in footnote 3. 
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to the first question below. For several particular pairs of values of m and r, 
we have taken ) = m =1 in (2) and obtained an affirmative answer. All evidence 
which we have collected also favors an affirmative answer to the last two 
problems. We invite the reader to answer the following questions. 


Problem 1. If n>r, is the w, of (15d) the maximum number that can appear 
in a solution of (2)? 


Problem 2. If n>r, is wiwe - - + W, the maximum product of any set 
of m numbers which constitute a solution of (2)? 


Problem 3. If n>r, is wt+wet- - - +w, the maximum sum of any set 
of nm numbers which constitute a solution of (2) ? 


SYNTHETIC MUSICAL SCALES 


By J. Murray Barsour, Wells College 


1. Busont’s problem. In his little book, A New Esthetic of Music,! Ferrucio 
Busoni describes a method of forming musical scales by raising or lowering 
various tones of the scale of C major. By this method he has obtained 113 
scales, the majority of which differ from the ordinary major and minor scales 
in having their intervals differently arranged. Apparently his results have not 
been questioned since his book was published, for two rather recent works? 
accept them as authoritative. 

A serious objection to Busoni’s scheme is that, in accordance with the usual 
method of notation and with the conception of a seven-tone scale on successive 
alphabetical degrees, his octave contains twenty-one different tones instead of 
the twelve that belong to our system of enharmonic temperament on the piano. 
This would seem to be an unnecessary complication—and restriction—in a 
proposal that is otherwise so novel. 

The question also arises as to whether it is proper to include all the cyclic 
permutations of any given scale or whether a certain arrangement of intervals 
should be counted only once, irrespective of the point at which the series 
begins. From the modern tonal view-point, all of the medieval church modes 
are variants of the scale of C major. Should one look at these new scales ac- 
cording to the medieval or the modern standard? 

2. The harp, as basis. A good way to avoid both the difficulties mentioned 
above is to restate the problem in terms of the harp. The octave of the harp 
contains the twenty-one tones, of which only seven can be used at any one time. 
On the harp it is literally impossible to form a scale containing the tones 
Ab, A, A#; on the piano there is no practical reason why these tones should not 


1 Ferrucio Busoni, Entwurf einer neuen Aesthetik der Tonkunst, (1907), translated by Dr. 
Th. Baker, (1911), pp. 29-30. 

2 George Dyson, The New Music, 2nd edition (1926), pp. 94-5-7. Albert A. Stanley, Greek 
Themes in Modern Musical Settings, (1924), introduction, p. xiii. 
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occur in a scale empirically formed, instead of the enharmonically equivalent 
G#, A, Bb that would be written in one of Busoni’s scales. 

The difficulty of cyclic permutations is also eliminated by confining our 
attention to the harp. One simply asks in how many ways a harp can be tuned. 
The harp has seven pedals, each controlling all of the strings of a particular 
letter. The “natural” key of the harp is Cb major. The C pedal will raise 
all of the Cb strings either a semitone or a tone to C or C#. The other pedals 
operate similarly. Thus each string may produce one of three sounds, and the 
total number of ways the harp may be tuned is 3? or 2187. 

Although this answer is correct, the number given above includes many 
tunings that, aurally considered, are not scales but chords. Often a composer 
desires the glissando of the harp to sound like a seventh chord, arpeggiated 
with extreme rapidity. Rimsky-Korsakow, for example, in his orchestral 
suite “Scheherazade” uses the following tunings: Cb, D, E#, F,G#, Ab, B; C, D#, 
Eb, F#, G#, Ab, B¥; C, D#, Eb, F, G#, Ab, BE; C, Dp, Eb, F#,G, A, Bp. Of these, 
the first two are chords of the diminished seventh; the third is a chord of the 
“added sixth”; and only the fourth, which, however, is typical of many in the 
composition, might properly be called a scale. 

In accordance with the customary definition of the term “scale” we must 
rule out such a case of tonal duplication as G¢— Ab and the rarer ones of tonal 
overlapping, B#—Cb and E¥— Fb. These restrictions are sufficiently obvious 
and reasonable. 

The ordinary major and minor scales contain minor seconds, (C—Db), 
major seconds, (C—D), and augmented seconds, (C—D#). One of-Busoni’s 
examples contains the doubly augmented second, F) —G#. In this paper, there- 
fore, the interval of four semitones is included with the more familiar types. 

3. Method and results. The method used here to compute the number of 
scale-tunings is exemplified in Table 1. In it is found first the number of two- 
tone scales containing “inflections” (#, 4, and ») of C and B—either 1 or 0 for 
each of the 9 combinations, as determined by the given restrictions. For 
example, C#} C—B, Cb—Bb are possible, but C— B#¥, Cb — B¥, and Ch—B 
are not. 

Then inflections of A are added to form three-tone scales. These are cumu- 
lative. For example, A# may occur in a scale with B¥ or B, and the numbers 
opposite A# are the sums of those opposite B# and B in each of the three respec- 
tive columns. 

Generally speaking, if in any column the numbers opposite the three inflec- 
tions of a letter are a, b, and c, those opposite the inflections of the letter below, 
if it is a semitone lower, are a, a+b, and a+b+c. If it is a tone lower, the 
numbers are a+b, a+b+c, and a+b+c. The sole principle involved is the 
avoidance of tonal duplication and overlapping. The totals are the sums of 
the last three numbers in each column. The sum of the three columns, 363, is 
the result which we are seeking; i.e., the number of ways the harp may be 
tuned to form “scales.” 
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If we start with any letter other than C, the totals of the three columns 
will differ, but their sum will remain constant. Therefore the number of scales 
that may be formed on all the twenty-one tones in the octave will be 7363 
or 2541. One may wonder if there is much enharmonic duplication of entire 
scales by this insistence on the separate identity of tones a “diminished second” 
apart. Of the 363, however, there are only four such pairs of scales, all of them 
well-known. They are Dp — C# maj., Gp — F# maj., Ch—B maj., and Dp—C# 
min., melodic form. 


Table 1 Table 2 
C# c Cb Number of scale-tunings for each tone 
B I 0 0 
1 1 0 BE 57 Fb 
E# 59 Gb 
A 2 1 0 , 
3 81 Gb 
3 2 1 D¥ 87 Db 
6 5 3 1 G 105 Ab 
8 5 2 ms 
8 5 2 C# 149 Eb 
F 13 8 3 FE 153 Bb 
21 13 5 B 153 F 
21 13 5 
155 Cc 
E 13 8 3 
34 21 8 A 177 G 
D 189 D 
D 47 29 11 
102 63 24 
0 63 24 
Totals 149 155 59 


By a method similar to that illustrated in Table 1, the number of scales 
that do not contain the doubly augmented second can be found for any tone. 
For C it is 134. Thus Busoni’s figure of 113 is somewhat less than the correct 
number of scales without the uncommon interval and much less than the 
number of scales (155) formed in accordance with his declared method. 
Evidently he followed no scientific plan, but was content with writing down the 
entire 113,—a task indeed. Oddly enough, this number is not far from one third 
the sum of the three inflections of any letter: 363+3=121. 

4. Applications to number theory. If the numbers representing possible 
scales for the different degrees are put in order, Table 2 results. It is interesting 
to observe that each number in it can be represented by the equation 
s=1la+13b. 

This table, to a musician, is the most remarkable and interesting feature of 
the entire discussion. Each tone is a perfect fifth distant from the tone next 
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above or below it in the table. Considered as the tonic or key-note of a major 
scale, B (at the top of the left-hand column) would have a key signature of 12 
sharps. For each tone below there would be one less sharp in the signature. 
D has two sharps, C none, and each tone above C in the right-hand column 
has a signature of one additional flat. The whole is often termed by musical 
theorists “the circle of fifths” and it is then written in the form of a circle by 
using the enharmonic coincidence of Gb and F# and omitting the tones beyond 
them. 


Table 3 Table 4 
BE 96 57 Combinations Number of 
E# 3 8 15 37 96 59 of intervals permutations 
D¥ @ 102 87 1122222 2! 
C 102 149 7 
££ 2 96 153 33171 
E 96 155 1111233 —— =105 
A — 96 177 
Bb 59153 st 
7 18 wa 
Gp 3 > 33 81 
Cb 24 59 
Fb 


Table 3 is formed by adding by threes the numbers in the columns of Table 1, 
for all the twenty-one tones, arranged asin Table 2. It will be seen that S; (the 
first term of a series) is 3 from B¥ to C, 2from C to Cp, and 1 from Cp to the end 
of the table. In general, following a semitone (as F to EZ), Sx=3(Sn-1—Sn-2); 
following a whole tone (as G to F), Sn=3Sn-1—Sn-2. Also, for the first 9 tones 
in the table, Ss;=2.S;—3.S,, after a semitone, and Ss;=2.S;—S,, after a tone. 
We must assume Sy to be 1 in every case. 

The series S,=3(Sn-1—Sn-2) is not of great interest, mathematically, 
except for its fluctuations and changes of sign. If the first two terms are a and }, 
the series is: 

a, b, 3b—3a, 6b—9a, 9b—18a, 9b—27a, —27a, —27b,---. 
The entire series will consist of repetitions of the 6-term portion given above, 
multiplied each time by the constant factor (—27). The expression (—27)"/® 
is a sort of symbol of the series. 

The terms of the series S,=3Spn-1—Spa-2 are a, b, 3b-—a, 8b—3a, 
21b —8a,---. Since a and d occur in every term, it is only necessary to derive 
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a formula for the coefficient series 1, 3, 8, 21,---. These terms may be 
written as follows: 1=1; 3=3; 8=3?—1; 21=3'—2-3; 55=34—3-3?4+1; 
144 = 35—4-3'+3-3; etc. By induction 
Sn= 3"! (nm — 2)3"- + — 3)(n — 4)3">— — 4)(n — 5)\(n —6)3"74+ 
The ath term of the above series is 

(— — a)! 

(a — 1)!(m — 2a + 1)! 

If x is even the last term is (—1)‘"-®/?(n/2)-3. If m is odd the last term is 
(- 

This series is of the greatest importance in any generalization of the problem. 
We have seen that in a single column it applies whenever there is a whole tone. 
But when the totals of three columns are added it is necessary to have at least 
3 successive whole tones before the law of the series becomes operative. 

5. Permutation of intervals. Similar to Busoni’s problem is that of finding 
in an octave of 12 semitones the possible combinations of the given intervals 
with all their permutations. This is a simple algebraic problem and its solution 
is clearly shown in Table 4, where the numbers in the column headed “combina- 
tions of intervals” refer to the size of the intervals: 1, minor second; 2, major 
second; 3, augmented second; 4, doubly augmented second. 

Since, under the conditions of the Busoni problem, no more than 4 semi- 
tones may occur in succession, the 14 permutations in the fifth row in which 
all 5 semitones come together should be subtracted from the total in order to 
give the number of different scale-forms actually occurring in the scale-tunings. 

With this change, it is an interesting fact that the number of permutations 
representing scales without an augmented second (21), those with a singly 
augmented second (266), and those with a doubly augmented second (399) are 
exactly the same as the cyclic permutations of the scales containing B¥ or Fp), 
using these intervals. The reason therefor has not been found. 

Since the figures in Table 4 include cyclic permutations, dividing by 7 will 
give numbers to be compared with the 363 scale-tunings. For example, there 
are 15 major-scale-tunings (natural, 7 sharps, and 7 flats); but of the 3 permuta- 
tions of major and minor seconds in the first row of Table 4, only one (2212221) 
is called a major scale. At the other extreme is the 4th combination of this 
table, with the intervals arranged as given. Only one such scale can be so 
constructed; viz., C#, D, Eb, Fb, Gb, Ab, BH. 

This shows very clearly the limitations of the Busoni method. On the piano 
this last-mentioned permutation of intervals might begin on any white or 
black key. Of course its notation would involve the use either of one letter 
twice and the omission of another, or else of double sharps or flats. 

6. Scales not heptatonic. In musical composition the whole-tone scale of 6 
tones is common, pentatonic scales (as on the black keys of the piano) are used 
in the folk-songs of certain countries, and the minor scale might very properly 
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be said to contain 9 tones (in A minor, —A, B, C, D, E, F, F#, G, GH). There- 
fore it is not making the question purely academic to pursue the line of inquiry 
shown in Table 4 in respect to scales containing less or more than 7 tones. The 
method is identical; the results appear in Table 5. 

When we leave the heptatonic scale we leave also the troublesome question 
of notation in alphabetical sequence. However, in the 2nd column of Table 5 
the four-semitone interval is still the largest one used. Since this restriction is 
not in accordance with the freedom of this phase of the inquiry, the size of the 
intervals in the 3rd column is unrestricted, making the problem the simpler one 
of finding the number of permutations of 11 things, taken (n—1) at a time. 


Table 5 
Number of tones Permutations including Permutations including 
in scale doubly augmented second all intervals 
2 0 11 
3 1 55 
4 31 _ 165 
5 155 330 
6 336 462 
7 413 462 
8 322 330 
9 165 165 
10 55 55 
11 11 11 


One may well ask how profitable to the composer is the knowledge that he 
is free to select any one of thousands of hitherto unknown scales, as the 
foundation for his creative work. Unfortunately, the whole problem is of greater 
theoretical interest than of practical worth. At present, there is the most 
astounding license in composition; there seems to be an intuitive attempt to 
obtain euphony (if not harmony in the classical sense) by the combination of the 
most diverse tonalities; tonality itself as applied to melodies is almost a thing 
of the past. To compose on the basis of any artificially created scale would be to 
fasten on again the shackles that were slipping in Wagner’s day and that were 
thrown off entirely in the early years of this century. The composers of this 
generation seem to have attained the ultimate freedom possible under the 
system of duodecuple division of the octave. 
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A NOTE ON FOUCAULT’S PENDULUM 
By JAMES PIERPONT, Yaie University 


1. If one consults the standard treatises on dynamics relative to Foucault’s 
pendulum, one finds that they one and all (as far as I know) make use of the 
force of Coriolis. In studying how a Foucault pendulum behaves in elliptic 
space I found myself obliged to go back to Hamilton’s principle or the cor- 
responding equations of Lagrange 

d oT oT OW 

(1) dt dg aq 

I wish in the following to treat Foucault’s pendulum in Euclidean space from 
this standpoint. This method has two advantages. First it avoids introducing 
the fictitious force of Coriolis which proves a stumbling block to some students. 
Secondly the integration of the equation giving the rotation of the plane in 
which the pendulum is swinging is immediate, whereas in the other method 
it is rather artificial. 

2. We take two sets of rectangular axes. First, a set x, y, 2 fixed in space 
and having as origin O, the center of the earth, regarded as rotating about the 
z-axis with constant angular velocity k. Secondly, a set &, 7, ¢ whose origin 
O’ is the point of suspension of the pendulum; the negative ¢ axis passes thru 
O, the positive &, 7 axes point south and east respectively. Let the coérdinates 
of O’ relative to the x, y, z axes be 


a=rcos ¢ cos b=rcos ¢ sin 8, c=rsin ¢. 


The relation between the two systems of coérdinates is given by the table 


(2) sing@cosé@ — sin cos cos 
y—b sin @ sin 0 cos 6 cos ¢ sin 8 
— cos @ 0 sin 


Let the é, , ¢ codrdinates of the bob of the pendulum be 
(3) = /siny cosa, n =lsinysinw, ¢ = —lcosy. 


Then y measures the deviation from the vertical, while w is the azimuth of the 
plane of vibration. 

The velocity of the bob, regarded as a particle, is given by v? =%?+7?+32?. 
The table (2) gives x, y, z in terms of &, 7, ¢ and these are given in terms of 
¥,w by (3). Setting k = 6 we have 


y= k?{ 7]? sin? y sin? w + (rcos¢? +/sinysin ¢ cos w — cos ¢ cos 
+ + Psin?y-c? + 2kb {lr cos¢ cosy sinw — I? cos ¢ sinw} 
+ {Ir cos siny cosw + /?sin¢ sin? y — cos¢siny cos cos w}. 


(4) 
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The kinetic energy is T =}mv.? 
The equation (1) for g =a, is, since there is no force along w, 


d d 
(5) + ki? sin v) = cosw sin w sin? y 
t t 
— k*(rcos¢ +/sin¢ coswsiny — / cos ¢)(/ sin ¢ sinw siny). 
In Foucault’s experiment in the Pantheon/=6,7.10’cm. As r=6, 4 .108cm, 
and k=6=7,3.10-5, we have 
= 3,4, k?r/2] = 2,5-10. 


If we suppose the vibrations of the pendulum to be small, we may take 
sin ~y=y. Thus neglecting small quantities of higher order, (5) becomes 


(6) + ksin gd) + We = 0, 
an equation satisfied by 
(7) wo = — ksing 


as ® is now a constant. The solution (7) is that found by the usual method. 

We may carry the solution of (5) a little farther. At the end of each swing 
of the pendulum ¥=0, and is very small near such positions. When ¥=0, 
(5) becomes, neglecting small quantities of higher order, 


(8) = — (k’r/ly)-sin cos sin w. 


If we suppose that the bob has a swing of 1 meter on either side, the maximum 
numerical value of the right side of (8) is 0, 034. Thus (8) indicates a small 
positive or negative speeding up of the plane of oscillation of the pendulum. 
As however y changes its sign each time the pendulum passes the vertical, these 
changes in the velocity @ destroy each other and lead us back to the average 
value given in (7). 


THE INAUGURATION OF THE INSTITUTE 
HENRI POINCARE IN PARIS 


In November, 1928 was formally inaugurated in Paris a new Institute. 
It was both the official opening of a new building and the beginning of new 
courses of lectures, all to be a part of the Faculty of Sciences of the University 
of Paris. 

The building is now ready but the internal arrangement and furnishing 
will not be ready before some time. It was however considered a good thing 
to hold the ceremony in the building in order to attract public attention to 
the opening of the lectures and to the foundation of the Institute. 
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It was desired to express the gratitude of the University of Paris towards 
those who had provided the necessary means. The history of this Institute is 
brief. It had been noted by the International Education Board that several 
opportunities had led them to give very large sums of money to different 
Universities in Europe and that gifts to French ones had been on a much 
smaller scale. Noting the importance of the French mathematical school, it 
was thought that helping mathematics in France was perhaps one of the best 
ways of helping science all over the world. 

The decision was taken after consultations in which Professor Trowbridge, 
as representing at that time in Paris the International Education Board, and 
Professor Birkhoff, as a great mathematician, took decisive parts. 

It was decided to ask Professor Emile Borel to draw a plan. The plan, 
which was approved creates under the name of “Institut Henri Poincaré” a 
center widely opened to teaching and researches in mathematical physics and 
calculus of probabilities. 

The new teaching positions have been given to three men. The courses on 
“Physical Theories” will be delivered by Professor Léon Brillouin and M. 
Louis de Broglie (to be distinguished from physicists of the same names, both 
members of the “Académie des Sciences”). Professor Léon Brillouin has made 
himself known by his deep researches on the theory of quanta and its appli- 
cations; and he was called last year to expound them in several universities 
of the United States and Canada. Dr. Louis de Broglie is the creator of 
those wave mechanics which, yesterday born, play a leading part in mathe- 
matical physics and was the source of many works renovating their aspects. 

Those who are interested in theoretical physics will find in Paris that 
although this is a very important addition, there were already (existing) courses 
on this subject among which were those of Professor Brillouin and Professor 
Langevin at the Collége de France and of Professor Eugéne Bloch and Professor 
Villat at the Sorbonne. 

As to calculus of probability, it had already its great exponent at the Sor- 
bonne in Professor Emile Borel. His researches on this subject and his personal 
activities have done much to revive in France the interest in this science which 
owes so much to French scientists such as Pascal, Fermat, Laplace, Poisson, 
Bienaymé, Cauchy, Cournot, Bertrand, and Henri Poincaré. 

To Professor Borel’s course will now be added a new course by Maurice 
Fréchet, formerly professor at the University of Strasbourg. His theory of 
abstract spaces and functions has already made him known in America where 
he was called to expound it at the University of Chicago in the 1924 summer 
quarter. But he has, of late, devoted much attention to the theory of proba- 
bility on which he published (in collaboration with Professor Halbwachs) 
“Le calcul des probabilités 4 la portée de tous.” 

Let us also recall that the applications of probabilities to social sciences 
are taught in the already existing “Institut de Statistique” of the University 
of Paris. 


| 


164 RECENT PUBLICATIONS [Mar., 


But the action of the Institute Henri Poincaré will not be confined to the 
new courses. It aims at being international in scope. The attendance at these 
courses is very cosmopolite indeed. But the Institut will also have an inter- 
national staff of lecturers. In addition to the standing courses, single lectures 
or brief series of lectures will be given by distinguished scientists. Professors 
Vito Volterra of Rome and de Donder of Bruxelles have already promised 
their codperation; other engagements will soon be announced. 

Finally, as the ever increasing numbers of lecturers and students at the 
Sorbonne called for new measures, it was decided to seize upon the opportunity 
and erect a new building where not only the new courses but all the advanced 
courses in mathematics will be given and where the mathematical library 
will be moved. The International Education Board is to contribute one 
hundred thousand dollars to these expenses; Baron Edmond de Rotschild 
has contributed twenty five thousand dollars and the French Ministry for 
Education, three hundred thousand francs. 

It is to be hoped that among those students and scholars who would like 
to complete their scientific education or to go on with their researches in Europe, 
some will remember that, thanks chiefly to American generosity, a great 
scientific international center for mathematical physics and calculus of prob- 
ability has been created in Paris. 


RECENT PUBLICATIONS 


Edited by Roger A. Johnson, Hunter College, New York, N. Y., to whom books and communica- 
tions should be sent. 
REVIEWS 


Readers who are interested in the reviewing of books are invited to write to the editor of this 
department indicating particular books which they would like to review or the kinds of books in 
which they would be interested. 


Algebra for Secondary Schools, Based on the Worded Problem. By Stephen Emery 
and Eva E. Jeffs. D. Van Nostrand Company, 1928. 626 pages. $1.85. 


This book certainly carries out the promise of its sub-title and is unique in 
the number of worded problems. The first 208 pages contain 3019 problems, 
2676 of which are grouped under such headings as work, motion, frames and 
borders, percentage, geometrical figures, etc. They are in the main well selected 
and well graded and in this respect this book will be a treasure trove to teachers 
of mathematics, who are always looking for extra problems. Every teacher 
will want a copy for personal use. 

The development and explanations have been prepared with meticulous 
care and a mature student should be able to obtain a good knowledge of the 
subject from this book without the aid of a teacher. The aim here is to teach the 
student to “use the book and free much of the class room period for the teachers 
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inspiration and guidance in other important ways.” Only experience will 
demonstrate whether this wholly desirable aim can be realized. 

Thereis ample material hereto meet the requirements and recommendations 
of the College Entrance Board and the Regents of the University of New York. 
However, the book departs drastically from the recommendation of the National 
Committee that the function concept be made the keynote of mathematics. 
Variation receives slight treatment, though the introductory sentence in the 
preface, “Education is life; life is work and activity,” seems full of promise. 
Logarithms and numerical trigonometry are not made integral parts of the 
book but are detached in the appendix. 

There are several good chapters on graphs with some new and interesting 
data which has been carefully compiled. 

There has apparently been no attempt made to carry out the recommenda- 
tion of the National Committee that “drill in algebraic manipulation should be 
limited, for here we find pages on the square root of polynomials; examples in 
radicals involving no less then seven radical signs; nests of parentheses; the 
theory of exponents carried to an extreme; and the Euclidean method of finding 
the highest common factor. The pupil and even the inexperienced teacher will 
likely be bewildered by these hundreds of pages of finely printed matter. Indeed 
the weakness of this book is the wealth of material. 

Caroline Coman 


Précis d’Analyse Mathématique. By E. Lainé. Vol. I. and II., Librairie Vuibert, 

Paris, 1927. 231+351 pages. 

This work is not a treatise going deeply into any one phase of analysis, 
but it gives briefly and clearly a treatment of fundamental topics with which 
every mathematician should be familiar. It was written for the use of candi- 
dates for the “certificat de calcul différentiel et intégral.” It could perhaps 
be used to advantage as a basis for minimum requirements in the field of 
calculus for our candidates for the doctorate, with the understanding that a 
candidate must go further into some of the main divisions of the work. The 
volumes are warmly recommended to American mathematicians for considera- 
tion for this purpose. It is to be regretted that we cannot require of our candi- 
dates for a master’s degree the mastery of all of the topics presented; perhaps 
the first volume, however, could be taken asa basis for a set of minimum re- 
quirements in the field of calculus for such candidates. 

There are five main divisions of the work, as follows: Book I, Theory of 
functions of real variables (112 pages); Book II, Theory of analytic functions 
(86 pages); Book III, Theory of differential equations (62 pages); Book IV, 
Differential geometry (146 pages); Book V, Partial differential equations 
(90 pages). In addition there is a preliminary complement of algebra and analy- 
tic geometry (28 pages). 

The author assumes that the reader has a knowledge of the elements of 
algebra, analytic geometry, and calculus. In the preliminary pages he includes 
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a concise treatment of elimination, algebraic plane curves, algebraic surfaces, 
and homography and duality. The treatment is rather brief, but clear. The 
essential ideas are adequately presented for simple cases, then the generaliza- 
tions are stated without proofs, references to standard treatises being given 
for details. 

The reviewer admires particularly the author’s presentation of the theory 
of functions of real variables. The purpose is to give the reader a good working 
knowledge of the fundamentals of the subject as quickly as possible. The 
matter of selection of material is a difficult one. It is easy to bewilder the 
student with niceties of arguments about limit points, uniform continuity, 
and the like. By a wise discretion in the choice of theorems to be proved and those 
to be stated without proof, and by an adherence to things that are essential, the 
author opens up a large field to the reader in but a little more than a hundred 
pages. Among the topics included are Taylor’s series, Fourier’s series, infinite 
products, multiple integrals, implicit functions, functional determinants, 
improper and line integrals, elliptic and Eulerian integrals, free and restricted 
extremes of functions of several variables, calculus of variations, Green’s 
and Stokes’s theorems, and change of variables for multiple integrals. Of 
course these topics cannot be treated fully in the space alloted to them, but it 
is interesting to see how much the author has succeeded in giving with a high 
standard of mathematical rigor. 

The book on the theory of analytic functions is also highly commendable. 
Assuming that the reader is familiar with the elements of the theory of complex 
quantities, the author quickly derives the well known Cauchy-Riemann 
differential equations. Writing z=x+zy he shows that u=z2", m being a 
positive integer, is analytic at every point of the finite plane. After a short 
discussion of infinite series he introduces the exponential and the circular 
functions by means of their series. He turns to multiplevalued func- 
tions, irrational functions, branch-points, and the elementary inverse 
functions. Then follows a chapter on integrals and the development of a 
function in series of Taylor and of Laurent, following traditional lines. 
The next chapter, on integration by the method of residues, is noteworthy for 
the large number of illustrative examples which it contains. The final chapter 
deals with integrals as functions of their upper limits, and with the inversion 
of integrals, ending with a very brief introduction to elliptic and hyperelliptic 
integrals. We find as appendices articles on analytic prolongation and analytic 
functions of several variables, which are very important for the subsequent 
treatment of differential equations. 

The third book, which comes at the beginning of the second volume, is 
devoted to a concise treatment of ordinary differential equations, making free 
use of the theory of analytic functions. Preparatory to proving existence 
theorems for such equations, there is a discussion of dominating functions 
and double series, and a proof of an existence theorem for implicit functions. 
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The existence theorems are proved only for the simplest types of cases, but the 
general theorems are stated. This commendable procedure enables the reader 
to get most easily the kernel of the method of proof and the general result. 
Likewise in discussing singular solutions of the equation F(x, y, y’)=0. The 
author gives a fairly complete study of the singular solutions of the equation 


y’? — 2P(x,y)y’ + O(x,y) = 0, 


and then states the facts for more general cases. In the third chapter of 
this book particular methods of integrating differential equations are given, 
with discussions of linear equations and the equations of Riccati and of Laplace. 
The fourth and final chapter is on the theorem of Fuchs, the details being 
given only for the second order equation. 

The longest of the five books is that on differential geometry. It is the one 
which is perhaps most likely to be adversely criticized, the reason being that 
the author has adopted the vector notation and uses the algebra of vectors. 
The reviewer, however, feels that the simplifications in exposition thus obtained 
amply justify the procedure. The author is able in about 140 pages to cover 
a wide range of topics, and to do it neatly and clearly. The field treated includes 
an introduction to vector analysis, the theory of space curves, ruled surfaces, 
developable surfaces, contact, envelopes, surfaces in curvilinear coordinates, 
the theorem of Meusnier, asymptotic lines, conjugate nets, lines of curvature, 
geodesic lines, evolute of a surface, the formula of Ossian Bonnet, line con- 
gruences, isometric surfaces, conformal representation, contact transformations, 
equations of Monge, line complexes, and continuous groups of transformations. 

The last of the five books, which is on partial differential equations, is 
written by G. Bouligand. The presentation, while noticeably different in 
style from that of Lainé, maintains a high standard of excellence. The writer 
is concerned with points of view and an appreciation of the significance of 
results rather more than with a rigorous development of the subject. His 
treatment of partial differential equations as limiting cases of difference equa- 
tions is very interesting. For example, the Laplace equation 


(02u/dx?) + (0?u/dy?) = 0 
is considered as the limit as h approaches zero of the equation 


Af(x,y) = f(x + h,y) + f(x — h,y) + f(x,y + AI f(x,y — 4h). 


In the latter equation the value of the function f(x, y) at the point P (x, y) is the 
arithmetic mean of its values at four points surrounding P. It readily follows 
by purely algebraic processes that f(x, y) cannot have a maximum or a minimum 
at an interior lattice point of a suitably defined region, and that there exists 
a unique solution of the equation which takes on given boundary values. 
From this proposition Dirichlet’s principle is inferred, the author being careful 
to point out that the reasoning is incomplete. 
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Partial differential equations of the first order are discussed at some length. 
The presentation is in terms of vectors and the notions introduced in differ- 
ential geometry; geometric intuitions are constantly called into play in de- 
veloping the theory. A final chapter is devoted to an introduction to the theory 
of the Monge-Ampére equation. 

At the end of each of the five books we find a list of exercises, the total 
number of them being 166. They are for the most part taken from the French 
examination papers. The reviewer has taken time to solve only a half dozen 
of them. Perhaps he was unfortunate in his sample, for one exercise contained 
a technical term not explained in the book and another contained an important 
misprint. The exercises were noticeably more difficult than would be found 
in most American texts. I think that an American professor, if he were to use 
these volumes as the basis for a course of lectures, would feel the necessity of 
supplying more and sinipler exercises. 

E. J. MouLToNn 


PROBLEMS AND SOLUTIONS 


EpitTep By B. F, FInKEL, Otto DUNKEL, AND H. L. OLson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscript should be typewritten, with double spacing, and with a margin at least one inch wide on the 
left. 

PROBLEMS FOR SOLUTION 

N.B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the MonTHLY. In so far as possible, however, the editors 
will be glad to assist members of the Association with their difficulties in the solution of such prob- 
lems. 


3365. Proposed by R. E. Gaines, University of Richmond. 

An open pan with a square bottom (a frustum of a pyramid) having a 
given total surface is to be made so as to have a maximum content. Find its 
dimensions. 


3366. Proposed by Otto Dunkel, Washington University. 
Given the two equations 


ert? — batt! + I(x — a) = 0,7 0<a<b, i> 0, 
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where 7 is any positive number, let 7; and 72 be the smallest and largest 
positive roots of the second equation (with the lower sign). Prove that all of 
the roots of the two equations except 7; and 72 lie within the circular ring with 
radii 7; and rz about the origin as center. 

Let OA =a, OB=b, OR: =n, and let R’, Rj be the harmonic 
conjugates of Ri, R. with respect to A and B. Show that neither equation has 
positive roots on the segments RiR’, R2R; except the two roots of the second 
equation 7", 


3367. Proposed by Harry Langman, Averne, L.I., N. Y. 


Given any triangle. On each side construct an equilateral triangle exter- 
nally. The centers of these triangles determine another equilateral triangle A. 
Similarly an equilateral triangle B is determined by constructing the equilateral 
triangle internally. Show that the difference between the areas of the triangles 
A and B is equal to the area of the given triangle. 


3368. Proposed by Nathan Altshiller-Court, University of Oklahoma. 


About a given quadrilateral to circumscribe a rhombus similar to a given 
rhombus. 


3369. Proposed by J. Rosenbaum, Milford, Conn. 


Given two equilateral triangles one within the other, to construct a third 
equilateral triangle which shall be inscribed in the outer and circumscribed 
about the inner. 


3370. Proposed by Paul Wernicke, Washington, D. C. 


Write down an orthogonal transformation from rectangular Cartesian co- 
ordinates X, Y, Z to x, y, z having the same origin such that the z-axis becomes 
the line X = Y=Z and that the y-axis lies in the plane through the Y and z 
axes, 


3371. Proposed by Harry Langman, New York City. 


Let ABCD be any simple quadrilateral (convex or cross) inscribed in the 
circle whose center is O. Let AB and DC meet in F, BC and ADin E. Let M 
be the midpoint of the third diagonal, EF, and MU and MV tangents at U 
and V. Let EU and FV meet in P; EV and FU meet in Q. Take the point 
GonEF sothat ZDGF= ZDAF,and let AC cut OG in the point R. Let the 
secants GA, GB, GC, GD, cut the circle again in the points A’, B’, C’, D’, 
respectively. Take OA =r. Then prove the following: 

(a) G is the Clifford point of the quadrilateral ABCD—i.e., the common 
intersection of the circles about the four possible triangles formed by the sides 
of the quadrilateral. 

(b) The square of EF is equal to the sum of the squares of the tangents to 
O from E and F (Casey: Sequel to Euclid). 

(c) The circle on EF as diameter cuts the circle O orthogonally (Casey). 

(d) AC’//BD'//A'C//B'D//EF LOG, proving the theorem that the 
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Clifford point of an inscribed quadrilateral is the foot of the perpendicular from 
the center to the third diagonal. 

(e) P and Q are the intersections of OG and the circle O. 

(f) BD and UV pass through R, proving the theorem that the perpendicular 
from the center on the third diagonal of an inscribed quadrilateral passes 
through the intersection of the other two diagonals. 

(g) If a quadrilateral be circumscribed about a circle at the vertices of an 
inscribed quadrilateral, the two pairs of diagonals intersect in a common 
point. 

(h) Any obtuse-angled triangle may be the self-conjugate triangle of an 
inscribed quadrilateral. If the triangle be given, the center and radius of the 
circle are determined; but, when one side of the triangle has been chosen as 
the third diagonal of an inscribed quadrilateral, the quadrilateral is not thereby 
determined, there being one degree of freedom. 


UNSOLVED PROBLEMS 


Solutions are requested for the following unsolved problems proposed in 
1927. The number of each problem is printed in italics, with the page number 
following. 

1927 
3233, 45; 3236, 97; 3239, 98; 3243, 98; 3251, 216; 3255, 217; 3271, 335; 3278, 381; 
3279, 381; 3281, 438; 3283, 438; 3285, 438; 3287, 438; 3289, 491; 3290, 491; 
3294, 492; 3298, 537. 
SOLUTIONS 

2928 [1921, 467]. 

Show that if through the end P (opposite from the origin) of the loop of 
(a) the folium of Descartes, x*+ y* = 3axy, (b) the strophoid or logocyclic curve, 
x(x?+y?) +a(x?—y*) =0, a straight line be drawn meeting the curve again 
in Q and R, then QR always subtends a right angle at the origin (compare 
1916, 90-92; also Basset, Treatise on Cubic and Quartic Curves, Cambridge, 
1901, p. 82). Are these results particular cases of a general result for a certain 
class of cubic curves? 


Solution by R. M. Mathews, West Virginia University, 
and Otto Dunkel, Washington University 


A solution of this problem is contained in the article Strophoidal curves and 
cubics printed in this Monthly, Vol. 35 (1928), pp. 544-547. 


2960 (1922, 129]. Proposed by E. P. Lane, University of Chieago. 
When do two cones circumscribing a sphere intersect in two ellipses, and 
when are the planes of the ellipses perpendicular? 
Solution by Rufus Crane, Ohio Wesleyan University 


Let the center of the sphere be O; let the two cones have vertices V; and V2; 
and let a plane through Vi, V2, and O cut the two cones and the sphere in the 
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lines V:A, ViB, and V2C, V2D and the circle ACBD. Let the vertical angle of 
the cone at V; be 2a, at V2 be 28. Two cones circumscribing a sphere intersect 
along a degenerate space quartic consisting of two conics. If the vertex of each 
cone is external to the other cone, one of these two conics is an ellipse, while 
the other is either a hyperbola, parabola, or ellipse, according as the angle 
Vi0Vz is less than, equal to, or greater than a+. (See MacCord’s Elements 
of Descriptive Geometry, pp. 135, 136, for special cases.) 

The lines V:A, ViB, V2C, V2D form a quadrilateral circumscribed to the 
circle (O), two of the diagonals of which are the orthogonal projection of the 
curve of intersection of the two cones. The diagonal line triangle of this quadri- 
lateral is also the diagonal point triangle of the inscribed quadrangle ACBD, 
and is self polar with respect to the circle (O). Now, in order that a triangle, 
self polar with respect to a real, non degenerate circle, shall have a right angle 
at one of its vertices, one of its other vertices must lie at infinity. Hence, 
either CB//AD or AC//BD. In either case, AB=CD. Hence, the required 
condition that the planes shall be perpendicular is that the bases of the cones 
shall be equal, i.e., that the cones shall be congruent. This condition i is easily 
seen to be necessary and sufficient. 


Note by the Editors: With the notation above let AOA’, BOB’ be two 
diameters of the circle (O), and A’V’, B’ Vi, the two tangents at A’, B’, meeting 
in V; and cutting ViB, ViA in M, L, respectively. The sides of the rhombus 
ViLV’ M produced divide the part of the plane exterior to (O) into twelve 
regions which may be grouped as follows: I. The region of the interior angle 
at V; bounded by the arc AB, the region of exterior angle at V; vertical to the 
first angle, and the two similar regions at Vj. II. The regions of the exterior 
angles at L, M. III. The regions of the interior angles at these two points. 
IV. The four infinite strips with bases ViM, MV’, ViL, LVi. If V2 lies within 
the regions of I or II, the intersections of the two cones are two ellipses; if within 
III, two hyperbolas; if within IV, an ellipse and an hyperbola. 

If V2 lies on the straight line V{M or V{L produced both ways, one 
intersection is in general a parabola. It will suffice to consider the line 
0 MA'Vi«. At V{ the two intersections are an ellipse (circle), ellipse (infinite 
circle); at ©, an ellipse, a degenerate parabola. At all other points one inter- 
section is a parabola, while within the segments © M, A’V{, Vio, the other 
intersection is an ellipse; at M, a degenerate parabola; within MA’, an hyper- 
bola. 


If V2 lies on the element of the cone V,M or V,L, one intersection is a 
degenerate parabola. It will suffice to consider © Vi:iBMo. If V2 lies at © or 
within the segments © V;, V:B, Mo, the other intersection is an ellipse; if 
within BM, an hyperbola; at M, a parabola. The cases in which Vz lies at 


A, B, A’, B’ or at any point on (QO) may be disregarded since the cone reduces 
then to a plane. 
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2963 (1922, 129]. Proposed by Nathan Altshiller-Court, University of Oklahoma. 


Through a given point to draw a line so that the sum of the squares con- 
structed on the two segments cut off by it on the sides of a given angle should 
be equivalent to a given square. 


Solution by Otto Dunkel, Washington University. 

Let the coérdinates of the given point A’ be (a’, b’) with reference to the 
sides Ox, Oy of the given angle as axes of oblique coérdinates, and let s be the 
length of the side of the given square. If the required line through A’ has the 
intercepts c’, d’, then (a’/c’) +(b’/d’) =1, and by the conditions of the problem 
Sett=c'/s,u=d'/s,a=a'/s,b=b'/s, and we then have 


(1) P+v=1, (a/t) + (b/u) = 1. 


If we now use rectangular coédrdinates the point (¢, ~) lies at one of the inter- 
sections of the unit circle about the origin as center with the rectangular hyper- 
bola with center (a, b) and with asymptotes ¢=a, u =b parallel to the coérdinate 
axes. We shall assume that a)#0. Since the hyperbola passes through the 
origin, the two equations above have always at least one pair of real and dis- 
tinct solutions which satisfy the conditions of the problem. It is easily seen 
from geometrical considerations that, if a?+b?21, the other branch of the 
hyperbola cannot cut the circle, and the other pair of solutions are imaginary. 
If a?+b?<1/4, the other branch will surely cut the circle, and there are two 
more real solutions. More complete conditions will be obtained. Consider 
the family of conics 


(2) A(t2 + uw? — 1) — 2(tu — bt — au) = O, 


which pass through the four intersections of (1), and let us determine the de- 
generate members of the family. We have after solving (2) as a quadratic in ¢ 


(3) M=u—b+t [(1 — — + + 4+ 
and we obtain a pair of straight lines if 

(4) — 1)(A? + + (6 + ad)? = 0 

or 


f(A) = 8 + (a? + B? — 1)A + 20d = 0, 


where in the second form of the equation \=0 is rejected. From the first form 
of the equation it is clear that if \ is real \? cannot be greater than unity. Hence 
all the real roots lie between —1and +1. If a)>Othere is always one negative 
root, for f(0) =2ab, f(—1) =—(a—b)?; if ab<0 there is always one positive 
root, for f(1) =(a+b)*. If f’(A) =0 for Au, Ae, then 


(5) 27f(A1)f(A2)/4 = 27a7b? + (a? + 6? — 1)3. 


If this expression is equal to zero the cubic in (4) has a pair of equal roots, two 
pairs of straight lines coincide, and the circle is tangent to the hyperbola. In 
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this case there are three distinct real solutions of the problem. If the expression 
is less than zero, the cubic has three distinct real roots, and there are three 
distinct pairs of real straight lines. In this case there are four distinct real 
solutions of the problem. If finally the expression is greater than zero, the 
cubic has two imaginary roots and there are two pairs of imaginary straight 
lines. In this case there are only two distinct real solutions of the problem. 

Only in special cases may these solutions be constructed by ruler and com- 
pass; for the cubic in (4) has no linear factor with rational coefficients in a 
and b if their values are unrestricted. From the above discussion of (4) we 
see that, if a—b=0, one root is \= —1; if a+b=0, one root isA\=1. In these 
simple special cases the solutions may be constructed by ruler and compass. 
Other special cases may be easily obtained by placing suitable restrictions 
upon a and b. After having obtained a root \, the values of ¢ and u may be 
obtained by use of the resulting linear equation with one of the equations in 
(1). This method cannot, however, be recommended for numerical compu- 
tation. It is much easier to use Horner’s method for the determination of, 
say, t from the equation obtained from (1) 


— 2at® + (a? + — + 2at — = 0. 


If we take a =2, b=1, we obtain a case which cannot be constructed with ruler 
and compass. Here a?+b?>1 and there are only two real solutions given by 
the two real values of t=.77473, —.94697. 


3206 [1926, 385]. Proposed by D. H. Lehmer, University of California. 


Prove the following theorems and show how they may be used in finding 
the factors of R; 

Theorem 1: Let R be a non-square integer of the form 8+ and let 
2?(2m+1) be any even denominator of a complete quotient occurring in the 
expansion of R/? in a continued fraction, then, if k=1, p23; if k=4 or 0, p22; 
if k=5, p=2; if 3, 6, or7, p=1. 

Theorem 2: If R contains a square factor, k?, then every multiple of k 
appearing as a denominator of a complete quotient must also contain a factor 

Solution by the Proposer. 

This problem is the same as 3194 [3182; 1926, 278] by the same proposer. 
A solution by the proposer was printed in Vol. 34 (1927), p. 381. 

3301 [1927, 538]. Proposed by J. B. Reynolds, Lehigh University. 


From the corners of a square sheet of tin are cut out quadrilaterals so that 
when the sides are turned up the pan formed will have a maximum volume. 
Find the top and bottom dimensions of the pan. 
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Solution by Emma M. Gibson, Central High School, Springfield, Mo. 


Let y be a side of the lower base and «x a side of the upper base of a square 
pan which has been made from a square sheet of tin of side a. Then the alti- 
tude h of the pan is given by 4h? = (a—y)?—(x—y)?*, and its contents V is given 
by 

6V = [(a — y)? — (x — + y? + xy]. 


The partial derivatives V,, V, are given by 
12hV. = (2x + y)[(a — y)? — (x — y)*] (w — + 9? + ay], 
12hVy = (2y + 2)[(a — y)? — (x — y)*] — (a — a) + xy]. 


We are to determine the values of x and y which make V,= V,=0, and in 
doing this we may discard the values x = y=0 and those values of x and y for 
which h is zero. we then find 


(x — y)/(a — x) = (2x + y)/(2y + 2), 
and from a transformation of this equation we have 
(a — y)/(x — y) = 3(x + y)/(2e + 9). 


Substituting the value of (a—y) obtained from this equation in V,=0, making 
certain reductions, and then setting x/y=r, we find 


r+ 2r? —3r-—-3=0. 


This equation has only one positive root r=1.46; the negative roots must be 
discarded. Hence x=1.46y, y=.54a, x=.78a; and these values give the pan 
of maximum content. 

Also solved by R. E. Gaines, J. Q. McNatt and A. Pelletier. The results 
obtained in a different way by R. E. Gaines are h=.19672a, x =.78230a, y= 
.53564a, V=.08642a°. 


Note by Otto Dunkel, Washington University 


It remains to prove that the volume obtained is really the greatest of all 
possible volumes. In the solution above we may restrict x and y to a region 
R of the xy-plane defined by 0S xSa, OS yS(a+x)/2. On two of the bound- 
aries of R,x=aand 2y=a+x, we have V=0. On the other two, we have 6V = 
x?(a?—x*)!/? and 6V=y?(a?—2ay)'/?. The corresponding maxima are 3!/2a3/27 
and 51/2 243/375, the first of which is the greater. Thus V on the boundary of 
R is not as great as at a point in its interior where V=.08642a°. Since V is 
a continuous function of x and y within and on the boundary, it must attain 
an absolute maximum value at one or more points within or on the boundary 
of R. As shown above the point or points must be within R. Moreover V has 
definite partial derivatives at every point within R, and we know that at such 
points the partial derivatives must be zero when there exists a maximum at 
any given one. Hence there exists a point or points within R where V attains 
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an absolute maximum value and at such points the partial derivatives are zero. 
But as found in the above solution there is only one point within R where the 
two partial derivatives are zero, and hence it must be at this point that the 
absolute maximum exists. This completes the proof. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
H. W. Kuhn, Ohio State University, Columbus, Ohio. 


Professor Arnold Emch, who is on leave of absence from the University of 
Illinois, has been invited by Professor Fueter, editor-in-chief of the new Swiss 
mathematical journal, ‘‘Commentarii Mathematici Helvetici,’’ to send a 
contribution to that journal. In September Professor Emch read a paper before 
the International Mathematical Congress at Bologna, Italy, on ‘‘Finite groups 
and their geometric representations,’ and on January 8, he read a paper (by 
invitation) on ‘Cremona transformations and algebraic curves’’ before the 
mathematical colloquium of the University of Zurich and the Eidgenéssische 
Technische Hochschule. 


Professor R. E. Moritz, head of the department of mathematics of the 
University of Washington, is on leave of absence for the winter and spring 
quarters of 1929. He is making a tour of the world, proceeding from Seattle to 
Japan, China, Dutch Indies, Straits Settlements, India, Suez Canal, Southern 
Europe, France, and back to New York and Seattle in time for the fall quarter. 
Professor A. F. Carpenter is acting as department head during Professor 
Moritz’s absence. 


Dr. C. M. Cramlet will return to the University of Washington for the 
academic year 1929-30 after a two years’ stay at Princeton, where he has held 
a National Research Fellowship in mathematics. Miss Hermance Mullemeister 
has been promoted to an assistant professorship of mathematics at the Univer- 
sity of Washington. 


Mr. A. O. Hickson, of Brown University, and Mr. E. R. C. Miler, of Rice 


Institute, have been elected assistant professors of mathematics at Duke 
University, effective September, 1929. 


Mr. J. G. Chaney and Mr. Dan Hall have been made acting instructors of 
mathematics at the Agricultural and Mechanical College of Texas. 


The following courses in mathematics are announced for the summer of 
1929: 

University of Colorado, first term, June 18 to July 21; second term, July 23 
to August 24. In addition to the usual elementary work in algebra, trigonom- 
etry, analytic geometry, and calculus, the following courses will be offered. First 
term—By Professor Light: Teachers’ course in mathematics; History of mathe- 
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matics; Partial differential equations. By Professor Kempner: Algebraic analy- 
sis; Projective geometry; Differential equations. Second term—By Professor 
Light: Statistics; Teachers’ course (repeated); Partial differential equations 
(continued). By Professor Kempner: Projective geometry (continued); 
Differential equations (continued). By Professor Kendall: Theory of equations. 


Columbia University, July 8 to August 16. In addition to courses in trigonom- 
etry, solid geometry, college algebra, analytic geometry, and calculus, and a 
series of courses for teachers of secondary mathematics, the following advanced 
courses are offered. By Professor G. D. Birkhoff: Mathematical elements of art; 
Introduction to relativity. By Professor W. B. Fite: Differential equations. 
By Professor J. F. Ritt: Theory of numbers. By Professor B. O. Koopman: 
Functions of a real variable. 


Cornell University, July 6 to August 16. In addition to the usual elementary 
work, the following advanced courses will be offered. By Professor Virgil 
Snyder: Teachers’ course; Projective geometry. By Professor F. R. Sharpe: 
Advanced analytic geometry. By Professor W. A. Hurwitz: Advanced calculus. 
By Professor W. B. Carver: Theory of numbers. By Professor C. F. Craig: 
Elementary differential equations. Reading and research will be directed by 
Professors J. I. Hutchinson, Virgil Snyder, F. R. Sharpe, W. A. Hurwitz, 
W. B. Carver, D. C. Gillespie, C. F. Craig, and C. F. Roos. 


University of Illinois, July 17 to August 10. In addition to the usual courses 
in college algebra, trigonometry, analytic geomtry, and calculus, the following 
advanced courses are offered. By Professor G. A. Miller: The theory of numbers. 
By Professor R. D. Carmichael: Partial differential equations. By Assistant 
Professor E. B. Lytle: Teachers’ course; Theory of equations and determinants. 
By Assistant Professor H. Levy: Geometric transformations. By Dr. V. A. 
Hoersch: Advanced calculus. By Dr. F. C. Ogg: Projective geometry. 


University of Indiana, June 13 to August 9. In addition to the usual courses 
in college algebra, trigonometry, analytic geometry, and calculus, the following 
advanced courses are offered. By Professor S. C. Davisson: Theory of functions 
of a complex variable; Differential equations; Theory of equations. By Professor 
D. A. Rothrock: Partial differential equations; Advanced calculus. By Assis- 
tant Professor H. E. Wolfe: College geometry; Analytic mechanics. By Asso- 
ciate Professor C. B. Hennel: General mathematics; Analytic geometry. 


University of Iowa, first term, June 8 to July 19. In addition to courses in 
college algebra, trigonometry, analytic geometry, and calculus, the following 
subjects are offered. By Dr. M. A. Nordgaard: Subject matter and teaching of 
mathematics. By Dr. Conkwright: Ordinary differential equations; Theory of 
numbers. By Professor Wylie: Celestial mechanics; Mathematics of finance; 
Descriptive astronomy. By Professor Ward: Modern geometry. By Professor 
Chittenden: Advanced calculus; Orthogonal functions. By Professor Rietz; 
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Actuarial theory and practice; Statistics. Second term, July 22 to August 23. 
By Mr. McCoy: Matrices and determinants. By Dr. Nordgaard: The history of 
mathematics. By Professor Ward: Modern geometry; Differential equations. 
By Professor Reilly: Algebra for high school teachers; Linear difference equa- 
tions. 


Johns Hopkins University, July 1 to August 9. In addition to elementary 
course, the following advanced course will be given. By Dr. John Williamson: 
Theory of functions of a complex variable. 


University of Kansas, First term, June 12 to July 20. In addition to elem- 
entary courses in college algebra, trigonometry, analytic geometry, differential 
calculus, and integral calculus, the following courses are offered. By Professor 
C. H. Ashton: Advanced calculus; Seminar. By Professor U. G. Mitchell: 
Projective geometry, I; Teachers’ course in mathematics; Seminar. Second term 
July 22 to August 17. By Professor Mitchell: Projective geometry, II; History 
of mathematics; Seminar. 


University of Michigan, June 24 to August 16. In addition to courses in alge- 
bra, trigonometry, analytic geometry, elementary calculus, statistics,,and the 
theory of interest and insurance, the following advanced courses are offered. By 
Professor J. W. Bradshaw: Higher algebra; Projective geometry. By Professor 
P. Field: Vector analysis; Applied mathematics, engineering problems. By 
Professor W. B. Ford: Advanced calculus; Infinite series with special reference 
to Fourier series. By Professor T. H. Hildebrandt: Theory of functions of a real 
variable; Partial differential equations. By Professor L. C. Karpinski: Teaching 
of geometry; History of mathematics. By Professor T. R. Running: Empirical 
formulas. By Professor H. C. Carver: Advanced mathematical theory of 
statistics. By Professor L. A. Hopkins: Analytic mechanics; Celestial mechan- 
ics. By Professor N. H. Anning; Differential equations. By Professor C. J. 
Coe: Integral equations. By Professor J. A. Nyswander: Theory of probability; 
Finite differences. By Professor R. L. Wilder: Foundations of mathematics 
By Mr. N. C. Fisk; Graphical methods. By Mr. D. K. Kazarinoff: Aerodyna- 
mics. 


University of Minnesota, first term, June 18 to July 27. In addition to the 
usual elementary work, the following courses will be offered. By Professor 
Dunham Jackson: History of ancient and modern mathematics. By Assistant 
Professor Elizabeth Carlson: Differential equations. By Professorial Lecturer 
James V. Uspensky: Theory of numbers. By Professor Jackson: Fourier; 
Legendre, and Bessel series. By Professors Raymond Brink, Dunham Jackson, 
and Professorial Lecturer J. V. Uspensky: Reading in advanced mathematics. 
Second term, July 29 to August 31. By Professorial Lecturer J. V. Uspensky: 
Recent developments in the mathematical theory of probability. By Associate 
Professor A. L. Underhill and Professorial Lecturer J. V. Uspensky: Reading in 
advanced mathematics. 
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Ohio State University, June 18 to August 30. In addition to the usual courses 
in college algebra, analytic geometry, and calculus, the following courses are 
offered. By Professor S. E. Rasor: The teaching of mathematics; Theory of 
functions of a complex variable; Advanced calculus. By Professor A. D. 
Michal: Continuous groups; Tensor analysis. By Professor Grace Bareis: 
Projective geometry. 


University of Pennsylvania, July 1 to August 10. In addition to elementary 
courses, the following advanced courses are offered. By Professor H. H. 
Mitchell: Galois theory of equations. By Professor J. R. Kline: Functions of a 
complex variable. By Professor F. D. Murnaghan, of Johns Hopkins Univer- 
sity: Inversive geometry; Linear differential equations. By Professor J. M. 
Thomas: Integral invariants. 


Stanford University, June 20 to August 31. In addition to the usual courses 
in calculus and differential equations, the following advanced courses will be 
given. By Professor W. A. Manning (Stanford): Group theory; Theory of 
functions. By Assistant Professor G. T. Whyburn (Texas): Point-set theory. 


University of Wisconsin, July 1 to August 9. By Professor R. W. Babcock: 
Vector analysis. By Professor H. W. March: Differential equations; Definite 
integrals. By Professor E. B. Skinner: Differential geometry; Finite groups; 
Infinite series. Special nine weeks session for graduates, July 1 to August 30. 
By Professor M. H. Ingraham: Higher algebra; Theory of approximations. 
By Professor Warren Weaver: Theory of relativity; Advanced electrodynamics; 
Complex variable theory. (Only one of the two last named courses will be given, 
the choice depending upon the demand. Prospective students should communi- 
cate with the chairman of the department indicating their preference.) By 
Professor J. H. Van Vleck of the department of physics: Introduction to atomic 
theory and line spectra; Dielectric and magnetic media; Quantum mechanics 
and chemistry. (Only one of the two last named courses will be given, the choice 
depending upon the demand.) 


University of Wyoming, first term, June 17 to July 24. In addition to courses 
in algebra, trigonometry, analytic geometry, and the elementary calculus, the 
following advanced courses will be offered. By Professor O. H. Rechard: 
Advanced integral calculus; Differential equations. Second term, July 15 to 
August 30. By Professor O. H. Rechard: Differential equations; Solid analytic 
geometry. 
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The UNIVERSITY 
of WISCONSIN 


Summer Session 1929 


General Session, July 1 to August 9. 
Fees: $24.50. Graduate School, $33.50. 


Special Graduate Courses, July 1 to Aug- 
ust 30. Fee: $48.50. 


Law School, June 24 to August 30. 
Fee: $38.50. 


Full program of courses in undergraduate and 
graduate mathematics. Special attention given 
to courses in the teaching of mathematics. Fine 
library and equipment for the use of students 
wishing to work for higher degrees. 


Nine-Weeks Courses: Advanced electrodyna- 
mics; theory of analytic functions; higher alge- 
bra; theory of relativity; theory of approxi- 
mations. 


Favorable Climate Lakeside Advantages 


For Literature, address 
DIRECTOR, SUMMER SESSION 
Madison, Wisconsin 


Missing Numbers 
of the Monthly 


Cash, or credit toward future 
dues, will be given for certain 
single numbers as follows, up to 
a limited number of copies: 
February, March, May, Septem- 
ber, 1913; September, 1914; 
February, March, April, June, 
1915; February, September, 
1918—fifty cents; September, 
1915—seventy-five cents; May, 
1915—one dollar. (See MontTH- 
Ly, March, 1921, p. 152) ; Octo- 
ber, 1920; August-September, 
October, 1921; May, September, 
October, 1924; May, June-July, 
November, 1926 — forty-five 
cents. 


Address all communications to the 
Secretary, W. D. Cairns 
Oberlin, Ohio 


COLLEGE ALGEBRA, Third Edition 


By H. L. Rietz, State University of Iowa 
and A. R. Crathorne, University of Illinois 


A new and thorough revision. This text has been rewritten to bring the material up to date. 
New chapters on probability and on compound interest and annuities have been added. The 
terminology and symbols approved by the Committees on Mathematical Requirements and on 
Scientific Symbols and Abbreviations have been adopted. The exercises and problems have been 
completely changed, except in the case of certain unique problems that have been a leading 
characteristic of the book. 


The present edition is certain to give the book preeminence among texts in College Algebra. 
Ready in April 


A FIRST COURSE IN THE DIFFERENTIAL AND 
INTEGRAL CALCULUS 


By Walter B. Ford, University of Michigan 


“The Calculus by Ford seems to me to be an excellent presentation of the subject, with proper 
regard for both theory and practical application. Its clearness of exposition should make it 
appeal to students of the subject and I believe that it will prove to be a very serviceable text- 
book.”—W. C. BrenKe, University of Nebraska $3.00 


HENRY HOLT AND COMPANY, INC. 
One Park Avenue New York 
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A Practical Text Adaptable to 
Many Needs 


PLANE 
TRIGONOMETRY 


By RAYMOND W. BRINK 


A practical text adapted to the needs of courses of various lengths 
and purposes. Contains a treatment of logarithms; defines the terms 
and explains the principles involved in applied problems; gives such 
abundant drill exercises as to make other exercises unnecessary; and 
discusses fully the significance of numerical data and the criteria for 
determining the accuracy of results. Throughout the book there is an 
immediate application of principles to problems. Published in two 
editions, with complete tables ($2.00); without the tables ($1.65). The 
tables are also published separately ($1.20). 
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The Chauvenet Prize 


In the year 1925, the AssocraTION established a prize of one hundred dollars for 
the best expository paper published in English during successive periods of five 
years by a member of the Association. 


The purpose of the prize is to stimulate expository contributions in mathematical 
journals. The award does not apply to books, although the CARus MonocRAPHS 
are expository in character and on this score might be included. They carry their 
own reward in the form of a liberal cash honorarium to each author. 


It is believed that clear expositions of mathematical subjects are greatly needed in 
this country and that the CHAUVENET PRIZE will tend to stimulate such production. 


The retiring President of the Association, Professor W. B. Ford, has given an 
additional endowment for this prize whereby it will hereafter be awarded every 
three years. The next award, however, will be in December, 1929, for the period 
1925-1928 inclusive. 


Note that the prize is to be awarded only to a member of the AssociaATIon—one 
more of the many good reasons for membership. 
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The Carus 
Mathematical Monographs 


The Carus Monocrapus are already fulfilling their 
mission as intended by the generous donor, Mrs. Mary 
HEGELER Carus and her son, Dr. Eowarp H. Carus. 


Somewhat more than one-half the members of the As- 
sociation have taken advantage of the distribution at 
cost of the first three Monographs already published. 
Those who neglected to do so at the start may still have 
the privilege by applying to the Secretary. Each mem- 
ber is entitled to one copy of each Monograph at this 
special price. 


It would be a great tribute to the donor and an honor to 
the Association if a large majority of the members 
would subscribe for the complete series. 


It is believed that the Association is rendering a great 
service to mathematics by this enterprise, and a liberal 
support from the membership constitutes an appropriate 
vote of confidence in the undertaking. 


The publication of the fourth Monograph has been de- 
layed on account of unavoidable circumstances. It is 
now ready for the printer and will be announced at an 
early date. Still other Monographs are in preparation. 


CONTENTS 


The Information Bureau for Appointments 
The Thirteenth Annual Meeting of the Association. By W. D. CairNs_ 119 


A Simple Principle of Unification in the Elementary Theory of Numbers. 
By R. D. CARMICHAEL 


A Line-Conic Camera. By L. R. Forp and G. L. LOCHER 

On a Cyclo-Symmetric Diophantine Equation. By H. A. Simmons 
Synthetic Musical Scales. By J. MURRAY BARBOUR 

A Note on Foucault’s Pendulum. By JAMES PIERPONT 

The Inauguration of the Institute Henri Poincare in Paris 

RECENT PUBLICATIONS: Reviews by CAROLINE CoMAN, E. J. MOULTON... 


PROBLEMS AND SOLUTIONS: Problems for Solution—3365—3371. Unsolved 
Problems. Solutions—2928, 2960, 2963, 3206, 3301 


NOTES AND NEws 


DIRECTORY 


EDITORIAL CORRESPONDENCE should be addressed to the Eprror-1n-Cuer, W. H. 
Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 


oe REVIEW should be sent to R. A. Jounson, Hunter College, New York, 


BUSINESS CORRESPONDENCE should be addressed to the SEcRETARY-TREASURER 
of the Association, W. D. Carrns, Oberlin, Ohio. 

MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Thirteenth Summer Meeting of the Association, Boulder, Colorado, August, 19209.. 
Fourteenth Annual Meeting, Des Moines, Iowa, December 31, 1920, January 1, 1930. 
The following is a list of the sections of the Association, with dates of those section 

meetings which have been scheduled. 

ILt1nots, Carthage, Ill., May 3-4. Missour!, Kansas City, Mo., November. 
[NDIANA, Culver Military Academy, May 3-4. NEBRASKA. 

IowA, Fairfield, Iowa, April 26-27. Oux10, Columbus, Ohio, April 4. 

Kansas, Topeka, Kansas, February 2. PHILADELPHIA, University of Pennsylvania, 
KENTUCKY. November 30. 


Rocky Mountain, Greeley, Colo., April 
LouISIANA-MISSISSIPPI. 12-13. 


MARYLAND-District OF COLUMBIA-VIRGINIA, SOUTHEASTERN, Macon, Ga., April 29. 


George Washington University, May 4. SOUTHERN CALIFORNIA, University of Red- 


Micuican, Ann Arbor, Mich., March 16. lands, March 9. 
Mrwnnesora, St. Paul, May 8. Texas, Houston, Texas, Jan. 26. 


AFFILIATED ORGANIZATIONS: THE NEw ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS. 
THE NATIONAL CoUNCIL oF TEACHERS OF MATHEMATICS. 
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THE INFORMATION BUREAU FOR APPOINTMENTS 


Members of the Association are reminded that the Association maintains 
an office for supplying information with regard to men and women available 
for appointment to college positions in mathematics. This office does not handle 
detailed recommendations, after the manner of a teacher’s agency, but supplies 
certain essential facts with regard to each candidate, together with the name of 
a sponsor from whom further information about him can be obtained. The 
aim is to keep the files as complete and up-to-date as possible. To this end, 
candidates for appointment, especially candidates for a first appointment, 
are invited to put their names on record with the office, and departments in 
search of instructors are urged to avail themselves of its facilities. There is 
no charge for its services, either to department or to candidates. Registration 
blanks and information may be obtained from Professor H. W. Kuhn, Ohio 
State University, Columbus, Ohio. 


THE FUNDAMENTAL MATHEMATICAL 
REQUIREMENTS OF BIOLOGY! 


By J. ARTHUR HARRIS, Department of Botany, University of Minnesota 
I. Introductory 


In coming before the Mathematical Association of America to discuss 
the fundamental mathematical requirements of biology, I must do so with- 
out any pretense of placing myself in the ranks of a group of scholars which 
I both envy and admire—the trained mathematicians. 

Since some explanation of my ignorance of things purely mathematical 
is in order, I may say that from about ten years of age I was determined to 
devote my life to biology. At that time the natural sciences were divided into 
two great groups, the exact and the descriptive. There were many to tell me 
that mathematics was essential to the development of broad scholarship, and 
in preparation for work in astronomy, in physics and perhaps in chemistry, 
but none to say—and few to imagine—that mathematics might be essential 
in preparation for work in biology. 

Having honestly disclaimed any place among a group of mathematicians, 
I shall remember the Latin proverb, Ne sutor ultra crepidam, and, cobbler that 
! am, shall stick to my last, speaking only as a biologist. 

The writings of Karl Pearson fired the imaginations of a few of us at a 
period when naturalists were first gaining full consciousness of the baffling 
complexity of biological phenomena. Work in taxonomy had shown that 


! Prepared by invitation for presentation before the Mathematical Association of America at 
Nashville, December, 1927. 


